Two-Dimensional Problems
IN Polar Coordinates



Outline

o Polar Coordinate Formulation

o Axisymmetric Solutions to Biharmonic Equations
e Cylinders under Boundary Pressures

* Hole in Infinite Media

* Pure Bending of Curved Beams

* Rotating Disk/Cylinder Problem

* General Solutions to Biharmonic equation
» Stress Concentration around a Hole

* Transverse Bending of Curved Beams

* Wedge Problems

e Quarter-Plane Problems

o Half-Plane Problems



Polar Coordinate Formulation — Review

 Strain-Displacement
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Polar Coordinate Formulation — Review

« Equilibrium equations
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Polar Coordinate Formulation — Review

 Alry Stress Function representation
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 Without body forces, the plane problem is then reduced
to a single governing biharmonic equation.




Axisymmetric Solutions

* Navier’s Displacement Formulation (without body forces)
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Axisymmetric Solutions

o Airy Stress Formulation (without body forces)
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Axisymmetric Solutions

e Stress and strain field

w=a,+alInr+a,r’+arinr
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Axisymmetric Solutions

 Displacement field

u, =.'grdr =—%(%Jr(l—/c)azwag(w(l—x)rIn r)j+ f(6)
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 ldentification of rigid-body displacements in polar coordinates
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Axisymmetric Solutions

 Displacement formulation

u, =C1r+C2E,
r

u, =0. (assumed)
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e Stress formulation
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+2a, +a,(1+2Inr),

Oy =—

+2a, +a,(3+2Inr).

+a,(r+(1-«)rinr)
l+x
26

}+u0 cosd+V,sinég,

U, =——a,réd—-u, sin@+v, cosé+aw,r.

* The displacement formulation does not contain the logarithmic
terms. Thus, these terms are not consistent with single-valued
displacements. The compatibility condition is not sufficient.

e The a, term leads to multivalued behavior, and is not found
following the displacement formulation approach.

* The candidacy of individual terms depend on domain singularity.
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Thick-Walled Cylinder Under Uniform Boundary Pressure

» General axisymmetric stress solution !
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e Boundary conditions
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Thick-Walled Cylinder Under Internal Pressure

2

e Internal pressure only
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Hole in an Infinite Medium under Internal Pressure

 Internal pressure only and r tends to infinity
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Hole in an Infinite Medium under Biaxial Remote Tension

o Stress free hole in an infinite medium under remote biaxial loading
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Pure Bending of Curved Beams

e Boundary conditions

o.@=0,0)=0 |,
TrH (a) = z-r6' (b) — O (P
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Pure Bending of Curved Beams

e Stress field

2 2182
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e Displacement field |
E b/ =4
E 08¢ —— Theory of Elasticity
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* Rotation of a polar differential element

ou, ou, 1+x
W, =—| —%—— —U, | |=——a,0 + o,
2 or 00 2G




Rotating Disk/Cylinder Problem

o

« Load: centrifugal force due to constant rotation y
. 2
F = po’r
« Equilibrium equations \
0

oo, . 10z  o,—0,

+ +F =0,
or  » 00 . r ) J X
1d o,

* Propose a special stress function for this case

d
(6. =y, 0,=—2+pa’r’

dr

e The equilibrium condition is automatically satisfied.
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Rotating Disk/Cylinder Problem

« Beltrami-Michell equation
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. The C, term leads to multivalued displacement behavior, and is not found
following the displacement formulation approach.
o,(0,0), o,(0,0) must be finite. C:=0
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Rotating Disk/Cylinder Problem

Stress field
2

o, = Brx)pod (1—r_j 5, = pwzaz)((aw)_(ss_,c)"_j

' 4(1+«) a 4(1+x a

0.45

The maximum stress occurs ol b= 0.3

at the center of the disk, even o5}

though the body force is £ osy opatd |
largest at the outer boundary. £ °*7
e 02r
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Dimensionless Distance, r/a

This problem can also be resolved in terms of the Navier’s

equation. Left as an exercise.
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General Solution of Biharmonic Equation

« The most general case being the disk with a central hole, i.e.
no #-boundaries.

* The stresses and displacements must be single-valued and
continuous and hence they must be periodic functions of 6.

w(r,0)=> {f (r)co 80+g,(r)sinno}

(az 10 1 02V &% 16 162]
+ v =0

ot 4
or> ror r>o60°)\or’ ror r?06°

( d_2+i d —n2 d* +£i—n—2 f =0 ‘9
dr’ rdr r® )\ dr? r) "

r dr
=
d—2+£d _n2 d2 +Ei_n_2 g —O
\dr* rdr r®){dr® rdr r®)7
fo(r)=a,r"+a,r*"+a,/r"+a,/r*, nx=2
—
fo(r)=a,+aInr+a,r’+ar’inr, fl(r)=a11r+a12rlnr+a13/r+a14r;0



General Solution of Biharmonic Equation

 General solution with degeneracy
w(r,0)=> (f,(r)co a09+g,(r)sinng)

=(a,+a,Inr+a,r*+a,r’Inr)+(b,+b Inr+b,r* +b,r’Inr)sin((0)(0))

+(ayr+a,rinr+a,/r+a,r*)cosd+(b,r+b,rinr+b,/r+b,ré)sing

+i(anlr” +a,r*"+a,/r"+a,,/r"?)cos n0+i(bnlr” +b,,r*" +b,,/r" +b,,/r"?)sinng
n=2 n=2

« Special treatment on degenerate terms

y=a,= |gi£p{%ao(r“’" +r‘€)+%a{)(r5 —rg)}: |gi£p{%ao(r“’" +r‘€)+%ag—rg _grg}:a0 +asinr

. ] d(a,re _ .

v =a, _||m{a0rg}—||m{(dg)}— ||m{aor Inr{=a,Inr

* Whenever a degeneracy occurs at a special value of n, the deficit is
possibly made up by using additional terms obtained from

differentiating the original form w.r.t. n before allowing it to take
the special value. »



General Solution of Biharmonic Equation

 General solution with degeneracy
w(r,0) = Z f.(r)co a6+ g,(r)sinng)

=(a,+a,Inr+a,r*+a,r’Inr)+(b,+b Inr+b,r* +b,r’Inr)sin((0)(0))
+(a,

r+aprinr+a,/r+a,r’)cosd+(b,r+b,rinr+b,/r+b,r)sing

Ms

+Y (" +a,r*" +a,/r"+a,,/r"?)cosnd+ Y (b,r" +b,r*" +h, /r"+b, /r"?)sinng
n=2

N

n=

* For other degenerate terms

w=|im{( +b,Inr+b,r” +b,r’ Inr)sined+a),r™* cos(1+£) 0 + by, r* sm(1+g)9}

&—0

=lim

&—0

~+(by+by InT+b,r* +byr’ Inr)@cos 0 +a),r** Inrcos(1+£) 6
~a;,r"9gsin(1+£) @ +b/,r* Inrsin(1+£) @ +b/,r*“9cos(1+ )8
= (b, +b, InT+b,r* +b,r? Inr)0+ay,rInrcos @ —ay,rosin O +blrInrsin @ +hb},ro cos o

* Red-colored terms produce multi-valued displacements. »



General Solution of Biharmonic Equation

e The general Michell solution:
w(r,0)=aInr+a,r’+a,” Inr+(a4+a5Inr+a6r2+a7r2 In r)@

+(aprinr+a,/r+a,r’+a,rd)cosd+(b,rinr+b,/r+b,r’+b.ro)sing

+Z(an1r +a, r*"+a,/r"+a,/r" 2)cosn9+2(bnlr +0,,r%" b, /1" +b,, /r"? )sinng

n=2

o Satisfaction of boundary conditions
o, (a,0)=F(9), 7,(a0)=F,(9), o,(b,0)=F(0), 7,(b0)=F,(0)

« Expanding the functions as Fourier series in 6

Zcm cos(nd)+ ZDm sin(n@),  j=1,2,34
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General Solution of Biharmonic Equation

e Stress field
l@w 1 0’y
" r or r 00°

(aﬂ/r—Zaﬁ/F’ +2a,r)cosf—2a,sin0/r +(by,/r—20,/r°+2b,r)sing+2b, coso/r

+Z{ a,n(n-1)r"?-a,(n+1)(n-2)r"-a,n(n+1)/r"*-a,(n+2)(n-1)/r"}cosng

o)

=a,/r’+2a,+a,(2Inr+1)+(b,/r*+2b, +b,(2Inr+1))6
2 a3 bl 2 3

+Z{—bn1n n-1)r"?—b, (n+1)(n-2)r"-bn(n+1)/r"?-b,,(n+2)(n-1)/r"}sinng

n=2

0

T (%Zlgj:bo/rz+b1(lnr—1)/r2—bz—b3(lnr+1)

+(ay,/r—2a,/r*+2a,r)sin @+ (-by,/r+2b,/r’ - 2b,r)cos 6

+Z{an1n n-1)r"?+a,n(n+1)r"—an(n+1)/r"* -a,,n(n-1)/r"}sinng

M8 I|

+> {=byn(n=1)r"? —bn(n+1)r" +bn(n+1)/r"? +b,,n(n-1)/r"} cosng
24
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General Solution of Biharmonic Equation

o Stress field
Oy
or?
=—a,/r’+2a, +a,(2Inr+3)+(-b,/r’ +2b, +b,(2Inr +3))0
+(ay,/r+2a,/r’ +6a,r)cos 6+ (b, /r +2b,/r’ +6b,r)sing
+i;amn(n—l)r”2+anz(n+2)(n+1)r”
= | +a,sn(n+1)/r"? +a, (n-1)(n-2)/r"
b,n(n-1)r"?+b,(n+2)(n+1)r"
i |+bn(n+1)/r™? +b , (n-1)(n-2)/r"

Oy

>CoS n@

-sin n@
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General Solution of Biharmonic Equation

 Displacement field
2Gu, —{ a,/r+a,(x—1)r+a,((x-1)Inr-1)r }

+{=b/r+b, (k=1)r+by((x~1)rinr—r)}o
+a, ((x+1)@sin @ +(x—1)Inrcosd—cos b)) /2
+ay,€0s0/r? +a, (k—2)r’ cosd

+ay ((k=1)0cosO—(x+1)InrsinG+sing) /2
+b, (—(x+1)@cosf +(x —1)Inrsind—sin ) /2
+b,,sin6/r* +b,, (k —2)r’sin g
+b15((1<—1)6’sin6?+(/<+1)lnrcos@—cosé’)/Z

{ a,nr'+a,(k—n-1)r" +a,nr"+a,(x+n-1) r‘””} cos né

+
7 14

+Z{ —b,nr"* +b,, (k—n-1)r"* +b,nr " +b,, (k +n-1) r‘””}sin ng

n=2

* Red-colored terms correspond to multi-valued displacements. .



General Solution of Biharmonic Equation

 Displacement field
2GU, =a,(x+1)ro—by/r—b (2Inr+1)/(4r)=b,(x+1)rinr
+h, ((K-I—l) ro? /2—xr(In r)2/2)
+a,, ((x+1)0cos0—(x-1)Inrsind-sin ) /2
+a,sind/r* +a, (k+2)r’sing
~a, (1 —-1)@sin 6+ (x+1)Inrcosd+cos6)/2
+by, ((x+1)@sin@ +(x—~1)Inrcosf +cos o) /2
~b,, cos@/r? b, (x +2)r? cos o
+by; ((x~1)6cosO—(x+1)Inrsin —sin9) /2

n+1

Jri{anlnr”‘1 +a, (c+n+1) " ra et —a, (k—n+1)r " sinng
=2

+3 {=bnr"t=b, (c+n+1)r" —bnr "t 4+, (x—n+1)r " cosng
n=2
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Hole in an Infinite Medium under Uniaxial Remote Tension

e Acircular hole in an infinite plane under remote uniaxial loading

e BCs on hole surface 4 L
o.(a,0)=1,(a,0)=0 !

-9 Ay ‘||_>
* Remote BCs ] -
()] o gl ap. T
O-ij 0 0] - - : - j—
7\ o : &/ X j
ot (o) [ cos® sin@ [T 0]fcos@ -sing -~ / T
.. | OO = ] 1
L | —sin@ cos@||0 0]/ sind cosd ~— >
| Tcos’6  -Tsinfcoso -— ‘\\ g
B | —Tsindcosd Tsin’ 6 e - -7
= e For remote field only
or(0,0) = E(1+ cos2) W = %Ty2 = %Tr2 sin® @ = %Tr2 (1-cos26)
= |7,,(0,0) = —%sin 20 * Due to the hole, additional (axisymmetric and cos26)
terms are needed.
o, (0, 0) = 1(1_ cos26)| The resultant stresses from additional terms must
2 decay to zero as r tends to infinity. -




Hole in an Infinite Medium under Uniaxial Remote Tension

A trial solution that includes the axisymmetric and cos26
terms from the general Michell solution

w=a,+a Inr+a,r’+a,r’Inr (b, +b Inr+b,r’+hr’inr)o

alzrlnr+6113 brinr+= |
+ r |COS@ + r |(siné@
+a,I° +a,ro +b,r’ +b.réd

a.r"+a.r’ b.r"+b.r*
+Z£ " n jcosn +Z[ " " }sin né.

2\ +a,r"+a ,re 2\ +b . r " +b ,r’"
10 1 0° 0° 0(1l0
o2 L 0T 522
r or r 00 or or\r 06

w=a,+alnr+ar’+ar’inr +(a21r2 +a,r* +a,r~+ a24)cos 20.
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Hole in an Infinite Medium under Uniaxial Remote Tension

o Stress field
o :M+ 2a +3—(2a + 88z +4az“j003249
r 2 r_2 21 r4 rz

o, :WJF 2a, —fi—z+(2a21w+ 6;'3153)(;0326’
- (2a21M— 6a423 - 23224 )sin 26

r r

NS

\

 For finite stress at infinity: a,=a,, =0.
. Applylng the BCs T
a =——a
o (2,0)~0 — 2a,+21 20, 2a, + 20m  Hau_
a a a aZ:I
r(a,0)=0 = 2a, - 2% _ 28 _g 4 .
. 4 4 T T = Ay =——
o (0,0)=— (1+c032<9) = 2a2=§,—2a21=§ T
rm(oo,e):—lsinw = 28, =—— T4
2 a24_5a2
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Hole in an Infinite Medium under Uniaxial Remote Tension

e Stress field

( 2 4
ar:I 1_a_2 +I 1+3i4
2 r 2 r

T a’) T 3a*
0(9 :E(l—i_Fj_E(l—Fr—‘l

N

2
o,(a,0)=T(1-2co0s20)

r r

=0,(,0)=-T,0,(a,30)=0, o, =0,(a,x7/2)=3T

150

180

210

240

270

2

2
— 41} Cc0s 26
r

jcos 20

4 2
Top = —1(1—314+2i2]sin 20

—————

—_———— L

—_—————

-
-_——

LT

-————
- -

o B

~

2.8
~
"‘é:2‘6 A ) E
“3_2_4 Gg (r!ﬂ/z) 1 2 3a a i
® = — — T 5
& 22 T 2 r* r*) |
w
8 2f -
I=
218}
c
2 16} % (.5 /T
£
1.4}
1.2F
1 1 1 L T
1 2 3 4 5 6 7 9 10

Dimensionless Distance, ra



Equal Biaxial Loading by Superposition

——
- — - — — —
— —

4_,/ \‘—>
| |
4O
el > =
4—,' "—»
<\ 1>

-—
— —

1‘1‘ 17

Equal BlaX|aI Tension Case

2
o =T Ll—a—zj
:

2
a(,:T(1+";‘—g]

X (Ge)max = O-H(rl) = 2T

O-ma

<«
|

«!
-«
-1
-«
!

<_\

—_—— T T  — -

——
b SN

Uniaxial Tension Case

JERERERY

-——
T

h__’—_—

-y

¢¢I$T11

Uniaxial Tension Case

r

Tr@ =

2

(O-H)max =0y

(O-ﬁ)min =0y

:l[l_a_zj
=

—1[1—3i+zijsm 20

2 r
2

r r
(a,+7/2)=3T

(3.0)= 0, (a.7) =

r

T(l SRty

2

T

j 0s26

—1[1 3ijcos 20
r

0—->0+r/2=sinf —>cosd,cosfd — —sinb

= 0526 — —€0s20,5in 260 — —sin 26

2
! (1—%}—1(1 3%—41}0329
r 2 r r

4
> +1(1+314Jc0329
2 r

T(l_3a 28" jstH
2 r r?

(0,).. =0,(a0)=0,(ar)=3T
(O'e)min =o,(a,x7/2)=-T




Opposite Biaxial Loading by Superposition

— =y =
e -

Opposite BlaX|aI Tension

ar:T(l Bi—d'i]co 520
r r
4
o,=—T 1+3i4j00529
r
Tp=—1 1—3i ZiJsmze
A

(0,) . =0,(a,0)=0,(a,z)=-
(0) o = G0 (@27 12) = 4T

-——
S —_ e o -

Uniaxial Tension

TAEE T

- -—
—— oy - =~

h__a———

—
- -
—

TUTITVY

Uniaxial Compression

N|9’

T(q
2 2
T a T
_E _2 _

2
T,y = —1[1—31+Zijsm 20
2

r r
(0-0 )max

(O'e)min

=o0,(a,t7/2)=3T
~0,(3.0)= 0, (a.7) -

j 1(1 31_412j c0528
r r

[1+—jcos 20

T

4a?

a’) -T 3a’
1-2 -1+

jcos 20
(2
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Opposite Biaxial Loading / Shear Loading

(a) Biaxial Loading (b) Shear Loading
0 — 6+ /4 = sin20 — c0s 26,0526 — —sin 20

3" 48’ 3a* 4a?

o =T 1+7—7 cos26 o =-T (1+———]sin26?
r r4 r2
33.4 4
GQZ_T[1+r_4)C0326 69:+T 1+3i4)3|n29
r

o ="t |+ Tz |3 r,=-T 1—7+7j0052¢9
(09)min - O-H(a’o) :Ge(a’ﬂ-) =—4T (O-H) = (Te(a,—ﬂ'/zl-) =—A4T
(Gg)max = Oy (a,iﬂ/2)24T (G&)max =0y (a,7z'/4):4T




Stress Concentration around a Hole

» The stress concentration can be measured by the stress
concentration coefficients that are the ratios between the most
severe stress at the critical point (or termed hot spot) and the remote
stress. T i TTT i o

— —_—— - e -
- —_— T ] -~ e e ~

«— A > «— \—>
/ “ / \
I I \
= - v — o
- Ty, e K=
T T 1 T -
- O = = P - c
4_1' l' — 1
1 I
1 I
— K=2 ,— — K=23 —
* ~ —— — - ! > 4—\\ —_—
L ll N <
Y
__l, / N T
/TTTTT TT=-TT \ T //’ ‘\\4
</ > -7 \\
¢ ! ‘_> ‘{/ c N
\ ,
| \l—> »//// “ \as \\\4
¢ —» — (\ ““““““ Il
1
\ ’
4_' ’I—> \\\\ /,/ /7
i | — N /2
\
<\ —> \\
- T \\ / T
---------- \
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Curved Cantilever Beams with End Loads

e Boundary conditions
(0.(a,0)=0,(b,0)=0 -
|70(a,6)=7,(b,6)=0

- o,(r,z/2)dr=-P
| 7,(r,0)dr=p
X <

b b
ja o, (r,0)dr :L o, (r,0)rdr =0

[“o,(r.z12)rdr =P(@+b)/2 /

(" (r,z/2)dr=0

 Static equilibrium suggests: the internal shea //
force varies with Pcosé along the beam axis.

Tro :boriz—'_blriz(ln r_l)_bZ _b3(|n I’—I—l)

N\

+(a12 %— 2a13r—13+ 2a14rjsin 6?+(—b12 %+ 2b13r_13_ 2b14rjcose

+i(an1ﬂ(n -1r"* +a,n(n+1)r"—a,n(n+1)r"*-a,n(n-1) rin)sm no
n=2

S (~byn(n-1)r"?—b,n(n+1)r"+b,n(n+1)r"?+b n(n-1)r")cosng

2
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Curved Cantilever Beams with End Loads

« Corresponding Airy Stress function: v = (blzr I+ b,,r’+ b15r9jsin Z
* Applying the BCs

by, :_%<a2+b2)’ b, =—

e Stress field

r

Pa’b’ P b
. by =——, b, =0, where N =a’—b”+(a’+b’)In—
2N 2N ) a
o Ir
3
2 2 >
+b° ) . ©
jsm@ a o
r o
CT) 1
o —1F
a’+b?) . 8
sin@ =
' 2 6= 2 bla =4
2 ) £ e —— Theory of Elasticity
a“+b cos O O _af - — - Strength of Materials
r
4

15 P 55 3 35 4

Dimensionless Distance, r/a

e The corresponding solution for an axial force applied at theend 8 =0 is
obtained through superposing the present solution (interchanging sine and
cosine) with the pure bending solution.

37



Wedge Problem: Power Law Tractions

o \We first consider the case in which the tractions on the boundaries

of a wedge vary with r": g
62
e Since o, = =
Y= i(anlr” +a,r*"+a,r"+a,ro" )cos no
n=2
i(bml’ +bn2r2 n—|—bn3r —|—bn4l’ )sin né r
n=2 B
* Hence 9 \

a.,cosné+b,sinnd
w=r"" n=0,-2

+a, )cos(n+2)6?+b sm(n+2)6}’

n+2

» For example, the second term in the above degenerates when n =
0. A special solution is obtained by differentiating with respect to
n, before enforcing to the limit n—O0.
d b n+2 .: 9
w =lim (Der™sin )_Ilm(bn2 r"?9cosng) =h,r’e

n—0 dn n—0
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Wedge Problem: Uniform Boundary Loading

» Use general stress function solution to include terms that give
uniform stresses on the boundaries

o, =2a,+2b,0-2a,,cos 20 —2b,, sin 260

o, =2a,+2b,0 +2a,, cos 26 + 2h,, sin 26

7., =—D, +2a,,sin 260 - 2b,, cos 26

w =r°(a, +b,0+a,, c0s20+b,,sin 20) | \

* In general, the above equations permit us to solve the problem of

the wedge with any combination of four independent traction
components on the faces.
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Quarter Plane Example

« BCs
60=0: o,(r,0)=17,(r,0)=0

0=r/2: o,(r,n/2)=0, 7,,(r,7/2)=S oA
* Applying the BCs )
(0=0,(r,0) = 2a, + 2a,, ( S S ?/? )
0=7,,(r,0) =—b, ~2b, %="g =" .
% = <
0=0,(r,7/2)=2a, + b, —2a,, N Sz 5 S
S=1,(rz/2)=-b,+2b, S 8 " 4
e Stress field
ar:§(£—29+£cosze—sin29 , ae=§(1—29—1cosze+sin29j
2\ 2 2 2\ 2 2
T,y :i(l—cos 20 - Zsin 20), W :gr2 (ﬁ—e—zcos 26?+lsin 29)
2 2 2 \4 4 2

* Note the apparent inconsistency in the shear stress at the origin.40



Wedge Problem: More General Uniform Loading

« Consider the most general uniform boundary loading
o,(r,a)=N,, 7,,a)=S; o,(r,—a)=N,, r7,(r-a)=S,
* Applying the BCs

o,(r,a)="2a, +2b,a +2a,, cos2a + 2b,, Sin2a = N,
o,(r,—a)="2a,-2b,a+2a, cos2a—-2b, sin2a =N,
7,.,(r,a)=-b, +2a, sin2a —2b,, cos2a = §,
7,,(r,—a) =-b, —2a,, sin 2a — 2b,, OS2 = §,

( 4a,+4a,,cos2a =N, +N,

_ , symmetric solution
4a,,sIn2a =S, - S,

= 3

4b,ar +4b,,sin2a =N, — N, _ _ _ I
, anti-symmetric solution
—2b, —4b,, cos2a =S, +S,

» The solution of these equations is routine, but we note that there are two
eigenvalues at which the matrix of coefficients is singular.

16sin2a =0 — sSin2a =0 = 20=1r21
—160c0s2a +8sin2a=0 = tan2a=2a = 2a=1.437=257.4°
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Half-Plane: Uniform Boundary Loading

 For the special case of a semi-infinite plane, i.e. 2a = &, the matrix
of coefficients for the symmetric solution is singular.
« Additional terms must be developed to make up the deficit.

: d I N+2 ' n+2 <
W = Lm%{anzr cosNG+a/, I cos(n+2)9} T V |
- 3 ll r ,"

a,r"*Inrcosnd—a/,r"“gsinnd | j

V"~

=limy+a;, r"“Inrcos(n+2)8

n—0 . L
r"“@sin(n+2)6 S

[~ 8021

A

a, Inr +ajy, (Inrcos 20 —sin 260)}

= { +b,0+a,, 0520 +h,, sin 20+ a, Inr +ay, (Inr cos 20 - Osin 20)}
v,

18 10°
.tz

- =2a, + 2b,0 — 2a,, c0s 20 — 2b,, sin 20 + &, (1+ 2Inr) +a;, (—2In r cos 20 —3cos 26 + 26sin 20),
ror

r

2
={0,= oy = 2a, +2b,0 + 2a,,c0s 20 + 2b,, sin 20 + &, (3+ 2Inr) +a;, (2Inr cos 20 +3cos 20 — 26sin 26),
or?

Ty = aa (EZ—ZJ =—b, +2a,, 5in 260 — 2b,, c0s 26 + &), (2In r sin 26 + 3sin 20 + 20 c0s 20).
rir
: 42



7,,(r,0 0,

Tre(r’ﬂ-) = "To:
o,(r,0 0, o,(r,7)=0

—b,-2b, =0

—b,-2b, =0

—b, —2b,, + 274,
N by T &Iy =

r TO
:>a21—_

T

(o}

. =2a,(1+cos20)+

o, =2a,(1-c0s20)+

2a, +2a,, +3a,+3a;, =0

w =a,r’(1-cos20)+ fo

/
f—

To

2a, +27b, +2a,, +3a, +3a,, =0

, T
27[,a2 :20 ,b,=0,b,, =0,a,, =-a

2

S
=

2a, +2a,, +a,(3+2Inr)+ay (2Inr+3)=0

2a, +27b, + 28, +a; (3+2Inr)+ay (2Inr+3)=0

a,+ay, =0

a,+ay, =0

(In r(1-cos20)+0sin 20)

=-2a,sin 26’—2—(2 Inrsin 28 +3sin 260 + 20 cos 29)
T

Half-Plane: Uniform Shear over Half-Boundary

1+2Inr(1+cos260)+3cos 26 — 295|n20)

3+2Inr(1-cos26)—3cos 20+ 20sin 26

e The parameter a, can
take an arbitrary
value without
affecting the BCs at

the plane boundary

and might be

determined from the
far-field stress state.
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Half-Plane: Uniform Pressure over Half-Boundary

7,,(r,00=0, rz,(r,7)=0,
o,(r,0 0, o,(r,7)=-T
b, —2b,, =0

b, —2b,, +27al, =0
2a, +2a,, +a,(3+2Inr)+a, (2Inr+3)=0

~b, —2b,, =0

—b, —2b,, +27a,, =0

2a, +2a,, +3a,+3a,, =0

2a, +27b, + 2a,, +3a, +3a,,
T

T
— b, =—
o % Arx

a,+a, =0

—T a,+a, =0

= a, =0,a,=0,b, =- ,a, =—a,

w =a,r’(1-cos 2(9)—4Lr2 (260 —sin 20)
T

= 2a, (1+cos 26’)—L(26?+sin 20),

o
27

r

]

o, =2a,(1-cos 29)—;—”(29—sin 20),

., =—2a,sin 20 +2T—7[(1— €0s 20)

2a, +27th, +2a,, +a,(3+2Inr)+ay, (2Inr+3)=-T

» The parameter a, can
take an arbitrary
value without
affecting the BCs at
the plane boundary
and might be
determined from the

far-field stress state44



Half-Plane: Pressure over Finite Boundary

« Construct Airy Stress Function by superposition

w =a,(r; —1)—a,(r; cos26, -1’ cos26,) S 1y J' ¢ J' ¢ #

e a1
K_' \«1}
l
]
]
!
!

o Three terms produce no stress (trivial)

;- :[(x—a)2 + yz}—[(xﬂta)2 + yz} =—4a X o

r} €05 20, — 1’ cos 26, = r} (cos’ 6, —sin® 6, )— 17 (cos’ 6, —sin* 6, ) = [(x—a)z—yz}—[(x+a)2—y2}:—4a

r, sin 26, — 1,7 sin 26, = 2r) sin 6, cos 8, — 2r? sin 6, cos §, = 2y (x—a)—2y(x+a)=—4ay

e Only one term is meaningful: l//=—%(r22672—l’1291)

 Recall that
For w:_iﬁg; o, =—£6’, o, = p@ T.p P
27T T 272

45



Half-Plane: Pressure over Finite Boundary

e Transforming from Polar Coordinates to RCC

Ojj :QkiQIjGILI or 6QsQ '’

Oy Ty cosd -sinf|l o, 7, cosd sind cosdo, —sinbr,, cosbr,,—sinbo, || cosfd sind
= = =
Ty Oy sing cosé@ ||z,, o,| —sin@ cos@| |sinbo,+cosbr,, sindr,+cosdo, || —-sind cosd
1. P
cos’ 8o, +sin’ 0o, —sin20r,, =sin26(c, —o,)+Ccos 20z,
_ I O SN EEEEEY
oa a \g
Lgin 20(o, —0,)+c0s20r,, sin’6o, +cos’ bo, +sin 20z, & \”
2 J
For =P . o, =—£¢9, o, :—BQ, Teo =P
2 T /4 2

{ax rxy} p{—ZQ—SiﬂZ@ cos 26 }
=

Ty Oy " 27| cos26 —20+sin 20 v
« Back to the present problem: |y =—2£(r;92 - 126,
7z
oy Ty | p|-2(6,-6)—(sin26,-sin26,) c0s26, —c0s 26,
r, O, 2r €05 26, — 0526, ~2(6,-6,)+(sin26, —sin26,)

For y=0,x>a:6,=0,6,=0: ,=0
For y=0,a>x>-a:6,=7,6=0: 0,=-p

For y=0,x<-a:6,=x,6, =7 0'y=0

Only stress components
In RCC can be added.

46
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Half-Plane: Concentrated Normal Force

« Distributed pressure over x <0 Iy ﬁ Ll
w=y (X y)=a2r2—a2r2c0329_£r2g+£r23in 20 A r :'
27 A

=a2(x2+y2)—a2(x2—y2)—%(x2+y )tan 1%+%xy

« Distributed pressure overa<x <a + Aa B
v =y (xya+da)-y(xy a)

oo AT b b N
el

Py a2 2 a Y P/,
2ﬂ((x a) +y)tan x—a+27z(x a)y

= pAa

e Concentrated normal force

v =limlv (xy.a+Aa)-y(x y,a)]zAaﬁ'/'(;;y’a)

Aa—0

oy (xy,a) p .
T_Mw+;(x—a)tan }é % ¥y
Ly Y
T

-
-

8¢5(X, y’a): pAa(X—a)tan_ —= 1L

t
oa T X—a (X a) an

=y =Aa
47



Half-Plane: Concentrated Normal Force

_ Y
* Back to the origin Y
Y Y - f
a=0= ://:—xtan‘llz—recose | o,= constant |
T X 7 | !
o Stress field in polar coordinates
o, = —2—Ylsin 6, o,=1,,=0 s
Tr
e Stress field in RCC v
., 1. | [, 1. e
|:O-x Txy:|_ cos” fo, EstHGr vt cos” &sin @ Esm2¢95|n¢9 o1 {xzy xyz}
= =T ST L2 s
By 9y %sinzear sin® o, rr %sinzesine sin” @sin & LYY

e Displacement field

u, =%[(K—1)6’C089—(K+1)|n rsing+sind |

u, :%[—(1{—1)(95”]9—(1(4-1)”1 rcosé’—cos@] 48



Half-Plane: Flamant Solution

Conventional BCs
o,(r,0)=7,(r,0)=0 X <

7,(r,7)=0,0,(r,7)=0 ', l\ / ;;
Static equilibrium suggests :

j:(arrdesin9+rr9rd6’cos€)+Y =0
j'oﬂ(arrdé’cosﬁ—rmrdesin 0)+X =0 U B

\ A%
The above relations hold for an arbitrary r, thus: o, ~ X/r,Y/r.
From the general Michell solution

o, = a12%0039—2a15%sin 0+b12%sin 6’+2b15%cos«9

T,y = 812%8in9—b12%c039

1 1.
o, =a12Fc059+b12Fsm0

v =(a,rinr+a,rd)cosd+(b,rinr+b,ré)sing 49



Half-Plane: Flamant Solution
* Applying the BCs

c,(r,00=0 = a, =0
7,(r,00=0 = b, =0

—

7.,(r,7)=0,0,(r,7)=0 satisfied.

[ o,rsinodo+Y =0

[ o.rcosedo+x =0

—

-

<

_ X
Dis =

Y
A5 =—
T

T

<

o, =—-28; 1sin 6 +2b; Ecose
r r

Tré’:O-H:o

w =a,rdcosf+b.résiné

2Y 1
T r

= 37, =0,=0

T

Contours of constant radial stresses are circles

that are tangent to the half-plane boundary at

the loading point.

O

=—ﬁlsin9=—2\( 2y >
Tr T X+
, vy Y y?
Xt y+— | =——
7o, o

X

T

o, =————SIn Q—Z—XECOSQ

T r

W :irecose—éresine

C,=

[

I
constant f-'



Half-Plane: Generalized Superposition Method

Y
« Concentrated forces
X X
ar:—ﬁl no-22Leosg i 54> | ,
wr et Oy Ty cos’fo,  sinfcosbo, | | N /
100 =09 = 0 - = . _ 1 S~e_]_.-""C !
y " T,y Oy sindcosfo,  sin” o, \ /
w =—récosd——rosind /
T T N /
_ 21| Ysinfcos’@+Xcos’d  Ysin®Hcosd+ X sindcos’ & \
7 r|Ysin*@cosd+ Xsinfdcos’d Y sin®O+ Xsin®Hcosé v

2 1YY EXE Yy XXy
7 rt Yxy? + Xx2y  Yy® 4+ Xxy?

« Arbitrarily distributed forces

.a .a )3 &
o =2 POy g 2 MO g ,
plal(x=s)+y’ T ozl (x=s) +y T A ;
Gy:_g.._aa p(SZ)y 22ds_3.._aa t(S)(X S)y d \\\\\ /II
zi2[(x=s)+y’ T mlal(x=s) +yT N
Txy:_ija p(s)(x—s)y* ‘_I t(s)(x—s)’y s R

2[(x=s)"+y°T [(x=8)"+y°T '
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Half-Plane: Concentrated Moment

P} AaT P y
g
*X 2 - *'1X r— .
| ! 1 ) !
| | | f
| | | :
I\ ,; I\ :
\\\ ;" => \\\ l!
\\ /; \\ ,,
\\ /I \\ /,
vy \ 4
o Method of superposition
- oy (X, Yy,a
v =y(x,y,a+da)-y(x,y.a) = v=|imlw(xy.a+Aa)-y(xy,a)]|=Aa ‘//(aay )
Aa—0
v =y (xy.a)=yp(x-ay)=—(x-a)tan'—L = oy(xya)_ P,y P (X—?)y
T X—a oa T X—a 7(x-a) +y?

PAa

7

=———tan™’

T

y Paa (x—a)y

Xx-a 7 (x—a)2+y

2
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Half-Plane: Concentrated Moment

* Back to the origin

a=0, PAa=M
— t//:—Mtan‘ll+ ny - :—M9+ﬂsin 20
T X T X +Yy T 27

e Stress field

g Mg ML
Tore wr

(1-cos20), o, =0

e Displacement field

(K‘-I—l) M 1
AdzG r

U, = —— M 1[2+ (x—1)cos26 |-u, sin O +V, €06 + w,r

AdrzGr

u —sin26 +u, cos@+Vv,_ sing

r




Outline

o Polar Coordinate Formulation

o Axisymmetric Solutions to Biharmonic Equations
e Cylinders under Boundary Pressures

* Hole in Infinite Media

* Pure Bending of Curved Beams

* Rotating Disk/Cylinder Problem

* General Solutions to Biharmonic equation
» Stress Concentration around a Hole

* Transverse Bending of Curved Beams

* Wedge Problems

e Quarter-Plane Problems

o Half-Plane Problems
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