
Two-Dimensional Problems
in Polar Coordinates



Outline

• Polar Coordinate Formulation
• Axisymmetric Solutions to Biharmonic Equations
• Cylinders under Boundary Pressures
• Hole in Infinite Media
• Pure Bending of Curved Beams
• Rotating Disk/Cylinder Problem
• General Solutions to Biharmonic equation
• Stress Concentration around a Hole
• Transverse Bending of Curved Beams
• Wedge Problems
• Quarter-Plane Problems
• Half-Plane Problems
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Polar Coordinate Formulation – Review
• Strain-Displacement

• Hooke’s Law
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Polar Coordinate Formulation – Review
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• Equilibrium equations

• Beltrami-Michell equation
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• Navier’s equation
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• Airy Stress Function representation
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• Traction boundary conditions

• Without body forces, the plane problem is then reduced 
to a single governing biharmonic equation.
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Axisymmetric Solutions
• Navier’s Displacement Formulation (without body forces)
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• Displacement field

• Strain and stress field
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Axisymmetric Solutions
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• Airy Stress Formulation (without body forces)
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Axisymmetric Solutions
• Stress and strain field
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• Displacement field

Axisymmetric Solutions
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• Identification of rigid-body displacements in polar coordinates
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Axisymmetric Solutions
• Displacement formulation • Stress formulation
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• The displacement formulation does not contain the logarithmic 
terms. Thus, these terms are not consistent with single-valued 
displacements. The compatibility condition is not sufficient.

• The a3 term leads to multivalued behavior, and is not found 
following the displacement formulation approach.

• The candidacy of individual terms depend on domain singularity.
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Thick-Walled Cylinder Under Uniform Boundary Pressure

• General axisymmetric stress solution

• Boundary conditions
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• Displacements (depending on elastic constants)
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Thick-Walled Cylinder Under Internal Pressure
• Internal pressure only

2 2 2
1 2 1

2 2 2 2 2
2 1 2 1
2 2 2

1 2 1
2 2 2 2 2

2 1 2 1

1 ,

1 .

r r r r
p r r r r r

r r r
p r r r r r
θ

σ

σ

= − +
− −

= +
− −

2 2 2 2
max 1 2 2 1( ) ( ) / ( ) (5 / 3)r r r r p pθσ = + − =

2Dimensionless Distance r r

• Thin-walled tubes
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• Internal pressure only and r tends to infinity

Hole in an Infinite Medium under Internal Pressure
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• Stress free hole in an infinite medium under remote biaxial loading
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Hole in an Infinite Medium under Biaxial Remote Tension
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Pure Bending of Curved Beams
• Boundary conditions

• This is an axisymmetric problem

• Applying the BCs
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• Stress field

• Displacement field
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• Rotation of a polar differential element

Pure Bending of Curved Beams
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Rotating Disk/Cylinder Problem
• Load: centrifugal force due to constant rotation
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• Equilibrium equations

• Propose a special stress function for this case
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• The equilibrium condition is automatically satisfied.
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Rotating Disk/Cylinder Problem
• Beltrami-Michell equation
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• The C1 term leads to multivalued displacement behavior, and is not found 
following the displacement formulation approach.

• Stress field
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• Stress field
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• The maximum stress occurs 
at the center of the disk, even 
though the body force is 
largest at the outer boundary.

• This problem can also be resolved in terms of the Navier’s 
equation. Left as an exercise.

Rotating Disk/Cylinder Problem
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General Solution of Biharmonic Equation
• The most general case being the disk with a central hole, i.e. 

no θ-boundaries.
• The stresses and displacements must be single-valued and 

continuous and hence they must be periodic functions of θ.
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General Solution of Biharmonic Equation
• General solution with degeneracy
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• Special treatment on degenerate terms

• Whenever a degeneracy occurs at a special value of n, the deficit is 
possibly made up by using additional terms obtained from 
differentiating the original form w.r.t. n before allowing it to take 
the special value. 21
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General Solution of Biharmonic Equation

• For other degenerate terms

• General solution with degeneracy
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• Red-colored terms produce multi-valued displacements.
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General Solution of Biharmonic Equation
• The general Michell solution:
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• Satisfaction of boundary conditions
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• Expanding the functions as Fourier series in θ:
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General Solution of Biharmonic Equation
• Stress field

( ) ( )( )
( ) ( )

( ) ( )( ) ( ) ( )( ){ }

( ) ( )

2 2
1 2 3 1 2 3

3 3
12 13 14 15 12 13 14 15

2 2
1 2 3

2

2 2

4
2

2
1 2

2 2 ln 1 2 2ln 1

2 2 cos 2 sin 2 2 sin 2 cos

1 1 2 1 2 1 cos

1 1

1 1

r

n n n n
n n n n

n

n
n n

a r a a r b r b b r

a r a r a r a r b r b r b r b r

a n n r a n n r a n n r a n n r n

b n n r n

r

b n

r r
ψ ψσ θ

θ θ θ

θ

θ
θ

∞
− +

=

−

= + + + + + + +

+ − + − + − + +

+ − − − + − − + − + −

+

∂ ∂

− −

= +
∂ ∂

− +

∑

( ) ( ) ( )( ){ }2
3 4

2
2 1 2 1 sinn n n

n n
n

r b n n r b n n r nθ
∞

+

=

− − + − + −∑

24

( ) ( )

( ) ( )
( ) ( ) ( ) ( ){ }

( ) ( ) ( ) ( ){ }

2 2
0 1 2 3

3 3
12 13 14 12 13 14

2 2
1 2 3 4

2

2 2
1 2 3 4

2

ln 1 ln 1

2 2 sin 2 2 cos

1 1 1 1 sin

1 1 1 1 co

1

s

r

n n n n
n n n n

n

n n n n
n n n n

n

b r b r r b b r

a r a r a r b r b r b r

a n n r a n n r a n n r a n n r n

b n n r b n n r b n n r b n n n

r r

r

θ
ψ
θ

τ

θ θ

θ

θ

∞
− +

=

∞
− +

=

= + − − − +

+

∂ ∂ 

− + + − + −

+

= −  ∂

− + + − + − −

+ − − − + +

∂

+ + −

 

∑

∑



( ) ( )( )
( ) ( )

( ) ( )( )
( ) ( )( )

( ) ( )( )
( )

2 2
1 2 3 1 2 3

3 3
12 13 14 12 13 14

2
1 2

2
2

2

3 4

2
1 2

2
3 4

2

2 2 ln 3 2 2ln 3

2 6 cos 2 6 sin

1 2 1
cos

1 1 2

1 2 1

1

n n
n n

n n
n n n

n n
n n

n
n n

a r a a r b r b b r

a r a r a r b r b r b r

a n n r a n n r
n

a n n r a n n r

b n n r b n n r

b n n r b

rθ
ψσ

θ

θ θ

θ
−∞

+
=

−

+

= − + + + + − + + +

+ + + + + +

 − + + + +  
+ + + − −  

− +

∂

+ +
+

+ + +

=
∂

∑

( )( )2
sin

1 2 n
n

n
n n r

θ
∞

=

  
 

− −  
∑

• Stress field

General Solution of Biharmonic Equation
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General Solution of Biharmonic Equation
• Displacement field

26• Red-colored terms correspond to multi-valued displacements.
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General Solution of Biharmonic Equation
• Displacement field
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Hole in an Infinite Medium under Uniaxial Remote Tension
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• A circular hole in an infinite plane under remote uniaxial loading

• For remote field only

• Remote BCs
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2 2 4
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• Due to the hole, additional (axisymmetric and cos2θ) 
terms  are needed.

• The resultant stresses from additional terms must 
decay to zero as r tends to infinity. 28

• BCs on hole surface
( , ) ( , ) 0r ra aθσ θ τ θ= =
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• A trial solution that includes the axisymmetric and cos2θ
terms from the general Michell solution

Hole in an Infinite Medium under Uniaxial Remote Tension
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• Stress field

• For finite stress at infinity:
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Equal Biaxial Tension Case
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Opposite Biaxial Tension
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Opposite Biaxial Loading by Superposition
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Uniaxial Tension Uniaxial Compression
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Opposite Biaxial Loading / Shear Loading
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K = 2 K = 3

K = 4

=

Stress Concentration around a Hole
• The stress concentration can be measured by the stress 

concentration coefficients that are the ratios between the most 
severe stress at the critical point (or termed hot spot) and the remote 
stress. 

σ
σmax=K
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Curved Cantilever Beams with End Loads
• Boundary conditions

• Static equilibrium suggests: the internal shear 
force varies with Pcosθ along the beam axis.
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 
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 
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= − + − 
 

313
12 14 15ln sinbb r r b r b r

r
ψ θ θ = + + + 

 
• Corresponding Airy Stress function:
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2 2 2 2 2 2
12 13 14 15, , , 0, where  ln
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P Pa b P bb a b b b b N a b a b
N N N a
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• Applying the BCs

• Stress field

Curved Cantilever Beams with End Loads
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• The corresponding solution for an axial force applied at the end θ = 0 is 
obtained through superposing the present solution (interchanging sine and 
cosine) with the pure bending solution.



Wedge Problem: Power Law Tractions
• We first consider the case in which the tractions on the boundaries 

of a wedge vary with rn:
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n
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• Since

( ) ( ) ( ) ( )
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a n b n
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• Hence
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• For example, the second term in the above degenerates when n = 
0. A special solution is obtained by differentiating with respect to 
n, before enforcing to the limit n→0.



• Use general stress function solution to include terms that give 
uniform stresses on the boundaries
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Wedge Problem: Uniform Boundary Loading
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• In general, the above equations permit us to solve the problem of 
the wedge with any combination of four independent traction 
components on the faces.



0 : ( ,0) ( ,0) 0
2 : ( , 2) 0, ( , 2)

r

r

r r
r r S

θ θ

θ θ

θ σ τ
θ π σ π τ π
= = =
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Quarter Plane Example
• BCs

• Applying the BCs
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= = +  = = − = = − − ⇒ = = + −  = − =
 = = − +

• Stress field

2

2 cos 2 sin 2 , 2 cos 2 sin 2
2 2 2 2 2 2

11 cos 2 sin 2 , cos 2 sin 2
2 2 2 4 4 2

r

r

S S

S S r

θ

θ

π π π πσ θ θ θ σ θ θ θ

π π πτ θ θ ψ θ θ θ

   = − + − = − − +   
   

   = − − = − − +   
   

• Note the apparent inconsistency in the shear stress at the origin.
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• Consider the most general uniform boundary loading
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Wedge Problem: More General Uniform Loading

1 1 2 2( , ) ,    ( , ) ;         ( , ) ,    ( , )r rr N r S r N r Sθ θ θ θσ α τ α σ α τ α= = − = − =

• Applying the BCs

• The solution of these equations is routine, but we note that there are two 
eigenvalues at which the matrix of coefficients is singular.

0
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16 cos 2 8sin 2 0      tan 2 2       2 1.43 25 4

2
7.α α α α

α α
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π

π
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= ⇒ = ⇒ =
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• For the special case of a semi-infinite plane, i.e. 2α = π, the matrix 
of coefficients for the symmetric solution is singular.

• Additional terms must be developed to make up the deficit.

Half-Plane: Uniform Boundary Loading
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Half-Plane: Uniform Shear over Half-Boundary

• The parameter a2 can 
take an arbitrary 
value without 
affecting the BCs at 
the plane boundary 
and might be 
determined from the 
far-field stress state.
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Half-Plane: Uniform Pressure over Half-Boundary

• The parameter a2 can 
take an arbitrary 
value without 
affecting the BCs at 
the plane boundary 
and might be 
determined from the 
far-field stress state.

44



Half-Plane: Pressure over Finite Boundary
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• Construct Airy Stress Function by superposition 

• Three terms produce no stress (trivial)
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• Recall that
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• Transforming from Polar Coordinates to RCC
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Only stress components 
in RCC can be added.

Half-Plane: Pressure over Finite Boundary
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Half-Plane: Concentrated Normal Force
• Distributed pressure over x < 0

• Distributed pressure over a < x < a + Δa

• Concentrated normal force

Y p a= ∆
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Half-Plane: Concentrated Normal Force
• Back to the origin

10 tan cosY y Ya x r
x

ψ θ θ
π π
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• Stress field in polar coordinates
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• Stress field in RCC
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• Displacement field
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Half-Plane: Flamant Solution
• Conventional BCs
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• Static equilibrium suggests

• The above relations hold for an arbitrary r, thus:
• From the general Michell solution
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• Applying the BCs
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Half-Plane: Flamant Solution
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• Contours of constant radial stresses are circles 
that are tangent to the half-plane boundary at 
the loading point.
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Half-Plane: Generalized Superposition Method
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• Concentrated forces

• Arbitrarily distributed forces
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Half-Plane: Concentrated Moment
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• Method of superposition
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a

52



• Back to the origin
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• Stress field
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Half-Plane: Concentrated Moment

• Displacement field
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Outline

• Polar Coordinate Formulation
• Axisymmetric Solutions to Biharmonic Equations
• Cylinders under Boundary Pressures
• Hole in Infinite Media
• Pure Bending of Curved Beams
• Rotating Disk/Cylinder Problem
• General Solutions to Biharmonic equation
• Stress Concentration around a Hole
• Transverse Bending of Curved Beams
• Wedge Problems
• Quarter-Plane Problems
• Half-Plane Problems
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