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Review of Displacement Formulation — RCC

* Navier’s equation
GVu+(A+G)V(V-u)+F =0

Gu, ,, +(A+G)u, ,, +F, =0
* Displacement-strain relation:

gzé(qurVu), g..:%(u. .+uj,l.)

e Hooke’s law:

c=ATr (3)1 +2Ge, o, =A&u0, +2G¢g,

Ev E
A= (1+v)(1-2v)’ C= 2(1+v)




Review of Displacement Formulation — Cylindrical

* Navier’s equation

G Vzur—zzau" u; +(/1+G)8(aur ur+£au‘9+auzj+Fr:O
r r or\.or r r ol oz
G(V2u9+ 22 ou, —ngJr(ﬂmLG)E g (aur a +£8u9 +auzj+F9 =0
r r roé\ or r r o060 Oz
GVZuZ+(/1+G)a(8ur ur+£8u0+8uzj+FZ:O
oz\or r r o0 oz
2 2 2
V2:8—2+£a +12 82+ 82
or: ror r°of° oz
« Displacement-strain relation:
ou, 1( augj ou, 1(1 ou. u, Gugj
gr: ’89:_ ur+ ’gz: ’grgz_ T o +
or r\ 00 | 104 2\rod r Oor
1( ou, 18uzj 1(6142 Gurj
gé’Z:_ — Tt ’gzr:_ +
2\ 0z r 00 2\ Oor Oz
 Hooke’s law...




Displacement Formulation — Axi-symmetric

* Navier’s equation

G(VZur —u;j+(/1+G) 2 (aur + 2y 5u2j+Fr =
r or\ or r 0Oz
GVeu,+(A+G) 2 (Gur SR au2j+FZ =0
oz\ or r Oz
2 2
V? :8—2+i 9,9 2
] ] or° ror Oz
« Displacement-strain relation
ou, u, ou, 1 (Ouz Ourj
gr: ’89:_’822 ’gzr:_ +
or r 0z 2\ Or Oz

e Hooke’s law

~ . ou. A
+2G—L,0,=21
or

ou,

P \ ~ a
o, =A(e +¢,+¢ )+2Ge, =2

ou. u. Oou.
—_ — + —_
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ou. u, Ou,
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or r Oz

=A 2Ge. =4
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Review of Displacement Formulation — Spherical

* Navier’s equation

2cot 0 cot 0
VzuR—zuZR— ?u“’— 22 Y _ 22_ Outy +(1+G) O | Quy , 2up  COWPU, 10U, , 1 Ou, +F,=0
R R R? 8¢ R%sing 00 OR\ R R R R 0¢ Rsing 00
cot 0
22 auR B u-w 2 22(:0-t¢ aue +(/1+G)£ 0 auR + ZuR + Plly +i " + 1 aua +F =0
R° 0p R°sin“¢p R°sing 060 Rop\ OR R R R 0p Rsing 00 ?
0 cot 0

2 8uR+ 2cotep Ou, u, +(A+G) 1 0 6uR+2uR+ (/)u¢+1 u, 1 Ou, +F, =0

R’sing 00 R*sing 00  R%sin? @ Rsing 00\ OR R R R Op Rsm(p 06

2
Vu¢+

2
Vu, +

Z_az+ga cotp 0 , 1 0° 1 0?
OR> ROR R® O¢ "R op* stinzq)éez

« Displacement-strain relation:

g:a”Rg:”_R+£%g:”R+COt¢”¢+ 1 5149 1(57/! 1 Ou, Mq,}
¥ R R Rop ’ R R RSIﬂ(p@H 2l R R dp R
o _A(_ 1 ouy wy 0w _1(10u, cotpu, 1 Ou,)
o ZLRsingoaé? R 6RJ % 2LRa¢ R Rsingo(%’J

e Hooke’s law...




Displacement Formulation — Centro-symmetric

* Navier’s equation

2
G(VZuR—ZuZR +(A+G) d_[ duy , 2u, +F, =0, V?= dz+Ei
R dR \ dR R OR R OR

2
=G duZRJrgduR—zqu +(/’L+G)d(duR+2uR)+FR:O
OR R OR R dR\ dR R

= (1+2G) d (duR +2uRj+FR =0

dR \ dR R
= |(1+2G) d ( 12 d (RzuR)jJrFR:O, A+2G = E(-v)
dR\ R* dR (1+v)(1-2v)
o Strain-displacement relation:
Ou, U,
Ep = , Ey=&,=—
, "R " " R

- I_If\f\llf\ r Iﬂ\n'
* TTUUKAC O IdVyv...
o-R:/I(auRJrzuRjJrZGauR, c,=0,=/A 8uR+2uR P Yehdd
OR R OR 4 R
Ev E
.G
(1+V)(1—2v) 2(1+V)




Half-Space under Uniform Pressure and Gravity

* Observations and assumptions \ \ \0\ \ \q\ H

F =0, F = o
' : = P8 | PG h
0,u :uz(z) —
d’u
= (1+2G) dzzz+pg=0
« By direct integration
:>d27’;z:— pg _ _, du.___ps (z+4) = u, =- P (z+A)2+B
dz A+2G dz A+2G 2(1+2G)



Half-Space under Uniform Pressure and Gravity

o Stresses in terms of displacements

Grzl(

=0, =0,=4

Gur%+5uz)+ .

q
\H()Hl\ng

or  r oz or
ou. . +8uz +§¢_(
7o 0z v Z
ou, A +8uz 26 ou_ _ ou !
7o 0z z 0z
du Apg du
L= +A4), =(A+2G)—==- + 4
= 2eag 7t o=l ) e~ Pelz+d)
e ThetractionBCsatz=0
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(H

=



Half-Space under Uniform Pressure and Gravity

e Lateral to in-depth stress ratio
po a w7 e HHH\H
o. o. A+2G (l+v)(l—2v)/(1+v)(l—2v)
. Tﬁ;/displacement BCs a}t z=h

2
PE q 2
U, =-— +— | +8B
) 2(1+2G)(Z pg] = B = ,ogG (h+ij

2(14—26‘)_\ ,O(g/ \ | ﬁ+2G)
= (u,) =u,(z=0)= pgh® +2qh The maximum displacement
2(4+2G) occurs at the top surface.
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Spherical Shell under Uniform Pressure

Centro-symmetry and zero body forces

(/1+2G)dd (Rl ddR( )j P =0

1 —>
:_i(R,,,) 34 = i(RzuR)zsARz
R® dR dR
= R°u, = AR°+B = u, —AR+%
aRzz(a”MZ”Rj Oty Z(A—z—lj 2A+2—l§j ZG(A—Z—Zj
OR R 8R R R R
— 2 2B B
agp:%:/%(@uRJr MR)+2G /1(A——+2A+2—j+2G(A+—j
k oR R R R’ R® R
o, =(31+2G)4-Yp- £, 2 1
R’ (1-2v)  (1+v)R
= 26 E E 1
o,=0,=(31+2G)A+—B= A+ _B
k a R’ (1-2v) (1+v)R 1




Spherical Shell under Uniform Pressure

* Thetraction BCsatR=aand R =5

E 2E B

— = O' = A— -

< q., ( R)R_a 1— 2y 1+v &°
E E B

—q, =(c,), , =—A+ —

\ q, ( R)R_b 1-2v E

B (1—2V)(a3qa—b3qb) B (1+v)(q,—q,)a’d’

= A= , B=
E(b°-a°) 2E(b° - a°)
3 . 3 .
= lu, = (1‘|3‘V)3 R b3+1 2v iq - a3+1 2v
E(b°-a®) |(2R®  1+v 2R®  1+v

1 b’ 1 a’
Op = _bs—a?’ (Rs _1ja3qa - PERIPE (1_F]b3%’

3 3
c,=0,= L (b +1ja3qa— L £1+a ij%

b’ —a® 2R’
 Here, stress is independent of Poisson’s ratio. However, generally in 3-D
problems with specified tractions, stress depends on Poisson’s ratio. 12




General Solution — Displacement Potentials

 Helmholtz representation:

u= V¢ +Vxog, V.-p=0.
—_— —

Irrotational Solenoidal

e Dilatation and rotation
£. =V u=V-(Vp+Vxp)=V-Vg+ V.¥<¢p =V’¢

1

w==-Vxu==-Vx(Vg+Vxg)==

2

; ;(W+vwx¢)=

* Navier’s equation
GVu+(A+G)V(V-u)+F =0
= GV’ (Vp+Vxp)+(A+G)V(V?4)+F =0

—

GV x(V2¢)+(ﬂ, + 2G)V(V2¢)+F =0

1,
v
SV

13



General Solution — Displacement Potentials

 |If divergence and curl Is taken of the previous equation

0=V [GVx(Vp)+(1+2G)V(V)+F | =(1+2G)V?Vp+V -F

0=V x| GVx(V?p)+(A+2G)V(V’4)+F |=GVxVx(V’p)+VxF =-GV*V’p+VxF

= |V*V?p=—-V-F/(1+2G) Vi¥V2p=VxF/G

With zero body forces, both the scalar anc
vector potential functions are biharmonic.

e These four harmonic functions are not independent,
since they must satisfy the Navier’s equation.

e Summary
GVx(V2¢)+(/I+ 2G)V(V2¢)+F =0
VV?$=-V-F/(A+2G), V°V’¢=VxF/G

14



Particular Case — Zero Body Forces

e Consider the special case

Vi=Vip=0 GVx(V’e)+(1+2G)V(V?p)=0

* Both the scalar and vector potential functions are
harmonic.

* This special case may lead to some useful solutions.

 However, there Is no guarantee that every elastostatic
solution can be represented in terms of these four
harmonic functions.

15



Particular Case — Lamé Strain Potentials

» Consider the further special case with
Vip=0, p=0 = u=Vg+Yxp=V¢

GV x(Vip)+(A+2G)V(V?p)=
e The displacement Is commonly written as
2Gu=V¢, 2Gu, =g,

— & :_(ui,j +uj,i):%(¢,ij +¢,ji):%¢,ij = | €k :¢,kk :V2¢:O

1 1
= :/ngk5l.j+2G ’ _/1(2(; %j5”+2G(E¢’”j:¢’U

E [J ClIIIIUIIIb IUIILLIUIIb
X,

2

Y.z, Xy,yz, x* =y, y* -z, z=x°, R*-3x*,R*-3y°,R*-3z°, r"cosnb,

(\/r2+(z—c)2 +Z—c)(\/r2+(z+c)2 —z—c)

r? 16

Inr, 6, % In(R+z), In



Particular Case — Lamé Strain Potentials

 |In cylindrical coordinates

2Gu, :%, 2Gu, =l%, 2Gw=%,
or r 06 0z
0° 10 1 6° 0° 10 1 6°
, D900 159 9, 106 179,
or ror r°-o60° oz ror r°-o6
1 82¢ 1 0¢ 1 82¢ 62¢
TI’H - o 2 ! T@Z - ! Trz —
r oro@ r° o6 r 060z oroz
e For axi-symmetric problems
2Gu, :%,ZGW=%,
or 0z
82¢ _E o¢ B 82¢ 10¢ 82¢ 62¢

0. =—F= oc,=———,0, =——,T,_ =

ot ror o022 ror 7 027 oroz

_0¢

oz*

17



Galerkin Vector Potential

» Galerkin vector potential function
2Gu=2(1-v)V¥V -V(V-V)
¢:_4Lv1/

The three components of Galerkin G
vector potential are independent. (1-v) oop

Vxe=

 Substitution back into the Navier’s equation
GVu+(A+G)V(V-u)+F =0
1_12Vv[v.(v2V)] _2(1—V)1(1—2V)V[V'V(V°V)]:_1

F
1-v
Ev E E

) C T2 T T 2ae) )

Navier’s equation has been reduced to
a simpler fourth-order vector equation. 8

1
2(1-v)

F

-V

— V2V —

VIV(V-V) |+

= VYV =—




Galerkin Vector Potential

* With zero body forces, Galerkin’s solution reduces four
biharmonic functions in Helmholtz representation to three.

VWV =0, V=Ce. +ne, +ge.

vie=0| |Vip=0| [Vi=0

e Displacements
0 Eag Lon . ng,

2Gu =2(1-v)V?E -
d=v)Vie ox\ Ox Oy Oz
2Gv=20-nvig -2 2,21, 5|
coy\ox oy oz

®, 8§+877+6g |
oz\ox Oy Oz

2Gw=2(1-v)V’¢ -

19



Galerkin Vector Potential
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Love Strain Potentials — Axi-Symmetry

* Special case of Galerkin potential:
V = {ex +7]/ey +g(r,z)ez, Vic=0
82

2Gu, =— , 2Gw=2(1—v)V2g——

19 oz°

E Vv ou 0 , 0 E v u 0 , 1 8)

= + ' | = v —_——_— . = _|__r = — v —_——
1+v(1—2vgkk arj 82[1/ 6r2jg o 1+v(1—2vgkk rj 82(1/ ror)°

2 2
__E ( 1% gkk_i_@w): 0 (2—V)V2—a—2 ot = E (Gu +8wj: 0 (1_V)V2_6_2 c
1+v\1-2v Oz ) 0Oz 0z 2(1+v) or) or 0z

2 2
V2:5_2+£8+82, gkk:V-u:aur+u’”+auz
or r or Oz or r 0z
This reduces to the function introduced b | ove In 1906 to
treat solids of revolution under ax1—symmetr1 ¢ loading.
v, — u,, 1 o¢, _0 Viwa 1 o¢, 0
T v o 1-2v 0z )1




Completeness of Displacement Potentials

» Galerkin vector potential Is complete — I1.e. that It Is
capable of describing all possible elastic displacement
fields in a three dimensional bodly.

 Love strain potential iIs complete for axial symmetric
problems.

* Nonetheless, Lamé strain potential is often employed in
order to produce a simplified solution form, I.e.

2 2 0 0
2Gu, = — ¢ 2Gw =2(1-v)V? _5_92“ 2Gur=—¢,2Gw:—¢,
oroz 1674 or 1674
2 0° 10¢ ©O° 10
O :g(vvz_a_)g’g :g(vvz_EQWg Gr:_¢:__ ¢— ¢’09:——¢’
r A_ A2 0 A_ - 2,.2 2 D -2 2 D
0z \ or- ) Oz \ ror ) (0)4 v oOr Oz v or
2 2
— a 2 82 . a 2 82 o :ﬂ T = a ¢
A T o

V=0

22



Harmonic and Bi-harmonic functions

o Consider the identity
V2 (xf)=xV f+22f = VV?(xf)=V?(xV f)+23v]f

Ox

If V2f=0 = V°V*(xf)=0.
o Similarly: if v?f=0 = V*V*(R*f)=
» Generalized representation for bi-harmonic functions
If V2f,=V2f,=V’f,=V’f,=V°f, =

g = fy+xf,+yf, +zf, + R’ f,, VV4g =0
 Singular harmonic functions

1 01 X 0> 1 3xy 0°1 1 x?
singular at origin: —, ——=-—, —/ —=—%, —S5—=-——+—
K ox R K oxoy K o oxX K N K
_ 0 x 2 2xy xXyz
lar al —z. In(R , —In(R = , In(R =— - ;
singularalong —z: In(R+z), —“In(R+:z) R(R+z)' oxdy n(R+z) R*(R+z) R*(R+z)
2 2 2
TG V. . S, S S S
Oox R(R+z) R(R+Z) RZ(R+Z) R+z R+z R+z

23



Papkovich-Neuber Displacement Potential

o Define the vector function: @ = —%VZV, VD =0

e The new function must be harmonic since ¥ is bitharmonic.
V2 (1 @)= VAF) - @+r- 3P0 +2V- 0 =V V¥ =-V*(V-V)
=-V-V=r-0+4¢, V=0
* From Galerkin representation of displacements
2Gu=2(1-v)V¥V -V (V-V)

= |2Gu =-4(1-v)DP+V (r- @ +¢), VO =Vp=0

* The Papkovich-Neuber solution is also complete and it is
widely used in modern treatments of elastic problems.
* \We note that the scalar function is nothing but the Lame

strain potential introduced previously. N



Kelvin’s Solution

* A concentrated force in an infinite solid .

e The general BCs require that:

* the stress field vanishes at infinity, |

e is singular at the origin, and i\

* gives the resultant force —Pe_ on the |
surface of a cylinder (r =r’, z = T a).

-
-
5 &
A

z S
<
. .
I Y
| \\
! A
b
\
P \
\
1
1
__________ |
-
’/
!
4
4

J‘Or' 2mro, (r, a) dr — J.Or’ 27ro, (r, —a) dr\\

—|—j_a 2rer't, (1, z)dz+ P =0,
o Geometry and loading configuration suggest

that we may wish to try the Love potential

0 0? 0 0°
. ((Z—V)Vz—gjg,fzr:a {(1_V)V2—g}§ — goc[N-m] X

g= fotxhiryfs T+ R f, = g:APRZ%:APR:AP\/r2+zz

q

. R
B TP Ly
...................

Resultant boundary
condition evaluation 25



Kelvin’s Solution

* Displacements and stresses

¢ = APR = AP\¥* + 22,

( 2
2Gu, -5 — ap =
oroz R
? 2
2Gw=2(1-v)V g—a—g ap|AL=2) 1z 3
oz* R R R
2
O-r 6 VV —a— g AP (1 23V)Z _ 37' 5Z |
62 ar R R
. 0 10 (1-2v)
Oy = (VVZ———jg AP : z
Oz r or R
A [ A2 //4 q‘ N 3\
- 2 v V Z
o =—| (2—-v)V° ——— _ 4P
z 6 ( ) 622 Jg L R3 J
) 2
Trz :2 (1_V)V2—a—2 G = — AP (1 2V)I" 37'Z
or oz 26




Kelvin’s Solution

* Applying the BCs to determine the potential coefficient 4

— 3 . 2
O, = —AP (l 23‘/)2 + 325 T, = —AP (1 231/)7' n 31”25

j(; 2rro, (r,a)dr - J.(: 2rro, (r,—a)dr + _‘: 27er't, (r',z)dz+ P = O)

= 2_‘-:2721/62 (r,a)dr+ _[_a 27r't, (r',z)dz+ P =0

7l (1-2v) 34’ a | (1=2v) 3r'z°
:_4ﬁAPJo r[(rz_l_c;)gl/z +(r2 +C;2 WJer%’APJgr {(7/2 _|_ZV2)};/2 +(r'2:;) ]dZ+PO

above vanishes.

= 87(l-v)4=1 = |4=

27



Boussinesq’s Solution

A concentrated force on an half-space
e The general BCs require that:

* the stress field vanishes at infinity,

e is singular at the origin, but

o produces zero tractions on the half-space
boundary, and

* gives the resultant force —Pe_ on any
surface parallel to the boundary.

(G)ZOr;éO_O (Tzr)zor¢o_0 j 2727”0(
soli

* Resort to the Love potential of Kelvin

. 2
(O-z )Z=O,r¢0 - _APL d RZ3V)Z ?:5 ] =0, (Tzr )Z=O,r¢0 - _AP( d RZBV)V + 3]’; j =—AP d- 2V)
220,70 2=0,7%0 re

)r+P 0.
ion

luti

The shear traction BC on z = 0 cannot be satisfied. -




Boussinesq’s Solution

* Amend the solution with the axi-symmetric part of Lamé

Strain Potential 0%
r_= = |poc[N]
Oroz

« Singular at origin and zero length scale suggests
¢=BPIn(R+z)
* Displacements and stresses due to Lame Potential

2Gu' = BP—"— 2Gu' = BP—

R(R+2) R
o=pp| L1 |- BP o ppZ o ppl
R® R(R+:z) R(R+7) R R

* The normal and shear stress on the half-space boundary

1

z r
o) . =-BP|= =0, (r) . . =-BP (—j - _BP—
( )Z—O,l’?fo (Rs ij,r;tO ( )Z—O,l’?fo R3 z=0,r=0 ],.2

29



Boussinesq’s Solution

o Apply the BCs
/)—fo/o (7..).0,.0 =0, IOOOZM"O'Z(F,a)dr+P:O.

=2 _ppl_o
I" r

3
—27[API { (L= 2v)ar + 3a r)S/Z}erEBPJ. ar dr+P=0

—AP

=

32 32
(r ta ) (r2+a2 O (72 + 42

N A:i, B:_(l—Zv)
27 27T

» Total displacements and stresses in cylindrical coordinates

o __P 1[77 (1—2v)r—‘u P 1{ ﬂ

" 47zGR|R* R+z |'7 4rzGR| R’ |
(1-2v)R 3r’z (1-2v)P 1( R j 3P 7° 3P rz°
O, = 2 T 53 |'C0 T 2 C. = 5t T T 5 5
27 R R+z R 27 R°\R R+z 27 R 27 R

30



Boussinesq’s Solution

 Total displacements and stresses in RCC

- P | xz (1-2v)x b P |yz (1-2v)y o P
47G| R* R(R+z)| 4rG|R® R(R+z)|  4xG
[ A2 2 2
o = P 3x5z_(1_2V) ]§Z y. : X |
27| R R°(R+z) R (R+2z2)
[ A2 2 2 3
o __ P 3y52_(1_2v) 1§z X : Y N0, = 3PZ5,
g 27z_ R R°(R+z) R°(R+2z) 2R
. P /3xyz+(1—2v)xy(2R+z)j . __3_Px_z2 3P yz*

v 27 R R*(R+z2)

T, =
27 R° " 27 R’

2
z” 2(1-v)
R

31



Cerruti’s Solution

A concentrated tangential force
e The general BCs require that:

* the stress field vanishes at infinity,

e is singular at the origin, but

e produces zero tractions on the half-space
boundary, and

* gives the resultant force —Pe, on any surface
parallel to the half-space boundary

(JZ’ sz’ sz)Z:O,r;tO = O

Jpj:ojp r_dxdy+ P = OJ Jp r, dxdy = OJOOJP o.dxdy =0

j_wj (vo, —zz,)dxdy = OI Lo(xa —z7_)dxdy = OI j (yz., —xt_,)dxdy =0

32



Cerruti’s Solution

o Galerkin vector components ~ [N-m], since stress Is the
third derivative of the potentials
o Lame strain potential ~ [N], since stress Is the second
order derivative of the potential
* Generalized representation for bi-harmonic functions
g=fo+xf,+yf, +zfs +R°f,, VVig=0, V°f =Vf=Vf,=Vf=Vf =0
 Singular harmonic functions

: ... 1 01 X 0> 1 3xy 0°1 1 3x°
singular at origin: =, —==-—, = e
R OxR R 0x0y R R Ox° R R R

2

: _ 0 B X Ve 2xy B xXyz
singular along —z: In(R+z), aIn(R+z)_R(R+Z), axayln(R+ )= RZ(R+z)2 R3(R+z)2’
5* T X y z_ .
8x—2|n(R+Z)_R(R+z) R*(R+z) R*(R+z)’ R+z R+z R+z
A.x
E=AR, n=0, ¢=4xIn(R+2) p=—2
R+~z i3




Cerruti’s Solution

E=AR,

n=0,

c=AxIn(R +2)

* Applying the BCs
P

Al

:4ﬂa—vy

e Displacements

P 1

u

P 1
v =

:47Z'GR

4, - (1-2v)P |
47x(1-v)

2

R

Xy NS 2v)xy

- 47G R

RZ

(R+2z2)° |

X R
1+ —=+(1-2v —
a )[R-I-Z (R+2)°

_ (1-2v)P

A,

27T

X

2

P 1
W=

Xz (1-2v)x

|

447G R

|

RZ

R+z

|
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Cerruti’s Solution

e Stresses

O

O

O

z

S—

XZ

P x| 1-2v 2Ry* 3x?
Z[RZ_yZ_ j

© 27 R (R+72) R+z) R
- : -
= P x3 1 21/2 3R2—x2—2Rx _3%
27 R™| (R+z) R+z) R°
: _
3P sz . P y3 1 21/2 _R24 2.
2r > 7 27 R (R+2)

3P x°z 3P xyz
- 5 1 by T T 5
277 R 27 R

-
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Cerruti’s Solution in Cylindrical Coordinates

e Displacements

2 2 )
u,__ P 1 1+—2+(1 2v) R T .
cosdé 4rxG R R R+z (R+z)

u, P J1 (1-2v)| w, P rf[z 1-2v]
e e )

sin@ 4r7G|R R+z | cos@ 4rGR|R*> R+z

e Stresses

o P r (1—21/)_31%2> o, _P (1-2v)r [3R2—r2—2Rr2j,

cosd 2z R (R+z)2 R* | "cos® 27Z(R+Z)2R3 R+z

c. 3Pr? t, P (1-2v)r 8Prz o

z

cosd  2x R°'sind 2« (R+Z)2R’COSH or R® %"
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Distributed Pressure on Half-Space Boundary

e Boussinesq’s solution

P xz_(1—2v)x_
47G| R* R(R+2z)|
P yz_(l—ZV)y_
47G| R* R(R+z) |
P 22+2(1—V)
- 47zG|R* R
* Move away from the origin, let P = gd&dn, and integrate
1 |z _-2v) |
—Ggq(f,n)( O wm Ry |44
[ (1-2v) |
R'B_R'(R'+z)_d§d77

> 21 -v) 2 2 2 2
MGHq(f n){R,g — }dfdn R? =(x=&) +(y—n) +37z




Vertical Displacement within the Loading Zone

 \rtical displacement on the
half-space boundary

q(&.n)dédn
) ”\/(x—cf) +(y-n)’
* For unlformly distributed
pressure ¢ in a circle r < a
e By use of a polar coordinate at
field point 4 and measured from
AQO, the vertical deflection at 4
due to the differential normal

pressure at the source point M (w), = ” /dsda

_ (1“/2)‘1UO”/ZL”/Z+];”/Z+[” |Amda - 2(1“/2)q[j”/2+jj”/2 }ﬂda

T E 37/2 T E



Vertical Displacement within the Loading Zone

» Further inspection of the geometry

mn = 2aCos@, asin@ =rsin«

Am(a)+ Am(a + ) = mn

= (w) = 2(1- ‘”Z)q[ 4 [amaa

A 7 E 0 %
2

_ 4(1;‘; )qa J'O”/Z[cos 0 lda

_41-v*)ga I”/Z[\/l_ = sin? a]d(x

wkE 0
* The integral in the last equality is elliptic integral.
2(1-v?)qa 4(1-v?)qa 2

Wiy = W, _g = w._, =

E ’ e T E r M 39

1-— V2 q cr/2—
) mndo
V) 0




Vertical Displacement outside the Loading Zone

For a field point A4
outside of the circle
By use of a polar
coordinate at 4 and
measured from 40O, the
vertical deflection at 4
due to the differential

* Inspection of the geometry normal pressure at the

mn = 2~a® - r¥sina?, asin® = rsina source point M

(1_.2)\, .
= (w), =~ ”VE ([ dsda Symmetric about A0
S1
_ 2 2
= 2(17[; )q J‘a "mndo = 4(17“; )q Ioamaxda\/az —r’sina’
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Vertical Displacement outside the Loading Zone

 Change of integral

variable

asin@ = rsina
2

N e dy = a00289 10
8

] ' da a” .
m £ 1-—sin®d
\’ r
ds| S O<a<a,,, =>0<0<7x/2
4(1-v? p 4(1-v? ,, 2 2
oy, A0 o e A0 e aeost
7E 0 7 E 0 FE
ry|l——-sin“ 0
r
4(1—v2)qr 2/2 | a? (g2 ens2 d0 4(1—v2)qa

- | dé’\/l——zsmze— 1-— || =, =

T E 0 r r 0 a’® ., T E
1-—sin“ 0
r

* The integrals In the last equality are elliptic integrals.
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Stresses along the Symmetry Axis

 Solve for the non-zero stresses at 3
e Boussinesq’s solution 5 /

O :3_PZ_3, I r // I %
* 2T R .
P 1[@-2v)R 3%z 4 | /I .
O = — . Z | / )
” ZER{ R+z K d /R
N ol | 17
1-2v)P 1 (z R r |1/
Oy = 2 - . O
27 R*\R R+:z ! 0
° 60 \
 Only Cartesian stresses can be o
Z

directly added. For o :
e Consider the total pressure acting on

a differential annular: dP = 2zrqdr
3dP z°

. . 3 (¢ s . _ Z
O: _-[Sl 27 R =3¢z IO (r? +z%)7? dr_q{l (a’ +22)3/2}




Stresses along the Symmetry Axis

e Polar stresses cannot be

S
directly added. %
: N 1
 Consider element1and 2: / ANES
. ’ 2
do’ zzqm’m’ﬁ 1‘2 (1-2v)R _3r3z "
2r R*| R+z R y ] ’}3’
| /
_ ' | 1/
do! = 2(1 2v)qrdrd 0 12 { z R } > : Iy
27T Rl R R +z r 1/ o
» Consider element 3 and 4: 7
: @6 ves
do" =2 (1-2v)grdrdd 12 [ z R }’ r
27 R*|R R+z
I :qudrdﬁ 1 r(1—21/)R'_3r22—| 0; 1o/, Ué 1 O-g
’ 27 R'{ R+z R’3J _ L -
rdrd @ z 3rz
+ Together: do, =do, =% (1-2v)— =
T | R R™
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Stresses along the Symmetry Axis

 Integrate over the interval 0 <0 <z/2:

__ rr2qrdrd0 z 3’z
O,=0y= _[0 - _(1_2‘/) p13 R )
_ ; _
q z 2(1+v)z
=—=| (1+2v)+ —
2 _( ) (a*+25)¥  (a®+25)V°
§ PR
o,=4q|1- (a2 +22)3/2
* 7., OCCUrs on planes z/4 from z-axis:
. _01—03_0'9—0'2_q_1—2v 1+v)z 3z’ )
e 2 2 2| 2 (a®+2) 2P+ )Y
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Hertz Contact — Geometry

« Contact stress between two spheres
under concentrated force P
By geometry:

~

2 2
v r
zZ, = ~
(R, —z)? +r* =R’ N ' 2R -z, 2R
(R,—z,) +r =R; , e
* 2R,—z, 2R,

e Prior to deformation

rz( 1 1 j )
AA, =z +z,= +— |=Br
2\ R, R,

* Relative rigid-body displacement after deformation

/
AA, =D=z +z,+w, +w,

R +R,
2RR,

>w+w,=D—(z;+z,)=D-Br*, B
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P
Hertz Contact — Assumptions *

e The contact area is a circle

of radius a

2
w, = L Vl _” gdsdo = k1” gdsdo
W, = - V2 ”quda k ”quda

(w1 + Wz)

(k, +k,)

e The distribution of contact
pressure is a hemi-sphere

a(r)=2a? = =Lp(r), 4(0)=g, 0"

a a r

: =”quda
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Hertz Contact — Displacement due to Contact

-
m - ~

 The vertical deflection at 4 due
to the differential pressure at the
source point M

+ .
- Gy = Haisia
[ Tes)ee T T :
- 2:.-07[/24;”/2 M _qds |da =2[""[[_qds]da

=2 ”/ZU_‘-’Oh(s o)ds |da = 2[ "L

mn=2acosf, asin@=rsinal|dm(a)+ Am(a+7x)=mn

N (W1+W2)r _ ﬂqOJ‘ﬂ/Z[az_ 5 . 9 :IdCZ: T4q,
(k1+k2) a 70

_ 74, {azz— rzjn/zl— cos2a da} _ mlq, (2a2 - rz)

a 2 0 2
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Hertz Contact — Back to Geometry

(k + k )7[ q

(w1+w2) = 14 0(26112—r2):D—Br2
:>1:D:(k1+k2)7z2q°a:AA' 2:B:(lirkZ)ﬂzqo:RlJrR2

2 s 4a 2R.R,
* Force equilibrium ,

49 02 3 27a _ 3P
P= dA = hdA = ——7Z'Cl = — 3 —

I q J a 3 3 QO QO 272'&2

e Three equatlons for contact radius (a), maximum
pressure (q,), and rigid-body dlsplacement (D):

37zP(k +k,) RR, s

4 (R +R)
\ _

922P(k,+k,) (R +R,)

16 RR,

s

4o =

3P

4 (R+R)

27

37P(k +k) RR
B \'1 2) 1772
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Hertz Contact — Special Cases

o Contact between a sphere ¢ Contact between a sphere
and a flat surface and a spherical cavity
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