Stress Measures



Outline

« Body and surface forces (f& 1 5 77)

« Traction/stress vector (fI /1 & &)

» Cauchy stress tensor (] 74 5 /7 5K &)

« Traction on oblique planes (4t F#5 /7)

« Different stress measures (57 77 & &)

« Stress measures for infinitesimal deformation (/N3 # i 4
&)

» Principal stresses and directions (£ 52 /7 5 £ 7 18)

« Octahedral stresses (/\ T & 57 77)

« Hydrostatic, deviatoric and von Mises effective stresses (-
BRI RRL AT KREET SRR A7)

« Conservation of linear momentum (%431 & F18)

« Conservation of angular momentum (# 1 & 7 [E)

« Rate of work done by stresses (i 77 oh #y 3 &)



Body and Surface Forces

 External loads include body and surface forces.

Body Forces: F(x)
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Surface forces

=~ <

 Forces are vectors (unit: N)
F=Fe, +Fe,+Fe,=Fe

« Often interpreted in terms of density: body force density
and surface force density
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Traction/Stress Vector
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 Given AF as the force transmitted across AA, a stress
traction vector can be defined as

T (x,n) = lim AF
Units: Pa (N/m?), 1 MPa = 10°Pa, 1 GPa = 10°Pa.
« Decomposition of the traction vector

T™ (x,n)=on+rt=ocn+7rt'+"t"



Cauchy Stress Tensor
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Sign Convention

« Normal stress: tension positive / compression negative

 Shear stress: product of the surface normal (the first
subscript) and the stress direction (the second subscript)

 All stress components shown in the figure are positive.
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Traction on an Obligue Plane - 2D

0=>F,
0=2.F,
TVAA= o, AACOS O + 7, AASIN G
YAA =, AACOSO + 5, AASING
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2D Cauchy’s relation
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Traction on an Obligue Plane - 3D

( » The state of stress at a point is defined by:

O, Txy’sz’Tyx’G Tyz’sz’sz’G

. Con5|der the tetrahedron with unit normal n

n, = =cos(n,e;)
\,, ||n|| ||e |
0=>F,
’ : 0= Z F,
o A Yy rT (n)AA B
=o,AAn +7,AAN +17, AAN,

:><T(n)AA=r ,AAN +o AAN +7, AAN,

y

TVAA=17,AAN, +7,AAN +0,AAN,

3D Cauchy’s relation =




Different Stress Measures

» Cauchy stress o;; (the actual force per unit area acting on an actual,
deformed solid) is the most physical measure of internal force.

 Other definitions of stress often appear in constitutive equations.

 Other stress measures regard forces as acting on the undeformed
solid.
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Different Stress Measures

» Cauchy stress o;;
» Kirchhoff stress has no obvious physical significance.

t=J6 7,=Jg;
* Nominal (1% Piola-Kirchhoff) stress / PK1 stress: S;
» Material (2" Piola-Kirchhoff) stress / PK2 stress: X,

dP™ = dAn, o,
dPi(n) = dAOnI(()Ski
dP" = dA NS,
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PK1 Stress

« Nominal (first Piola-Kirchhoff) stress / PK1 stress:
Internal force per unit undeformed area acting within the

deformed solid.

dAn; = JAANF, "]
.= dP™ = JdA N’ Fi'o; =dANS, =

dPi(n) =dAno;

S, =J ij_la i

GziF-S o
J
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PK2 Stress

» Material (second Piola-Kirchhoff) stress / PK2 stress: force per
unit undeformed area, as acting within the undeformed solid

« The infinitesimal force dP(™ is assumed to behave like an
Infinitesimal material fiber in the solid

dPi(no) — dAOnl?zki
dP” =dANS,

3\

.= dP" = F,*dP™ = F'dA NS, =

X = Sy Fij_l =JF,'o J Fij_l’
Y=S-F'=JF'06-F'

1
Su =2 Fir o == FuZuFas i
J e« Original
! configuration configuration

S:E-FT,G:%F-Z-FT
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Different Stress Measures

* It Is best not to try to attach too much physical
significance to these stress measures.

 Cauchy stress Is the best physical measure of internal
force: it Is the force per unit area acting inside the
deformed solid.

» Other stress measures are best regarded as generalized
forces which are work conjugate to particular strain
measures. It means that the stress measure multiplied by
the time derivative of the strain measure tells you the rate
of work done by the forces.
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Stress Measures for Infinitesimal Deformations

* For a problem involving infinitesimal deformation, shape
changes are characterized by the infinitesimal strain tensor
and rotation tensor.

» All the stress measures defined in the preceding section

are approximately equal: c,=1,;=S,= %,

Fi = o5 "‘%,J :det(F)zl+%,8ui/8xj <<1
an an
Tj -2 RSy = 1 5, + 2 Sy~ S
J (1+0u, /ox, ) OX,

mn
|

G = =S Fy = PR D P L
(1+0u, /ox, ) OX, OX,

14



Principal Stresses and Directions

 Seeking the solution through an Eigen-equation

T =n.6=6-n= an:>det[

=>|-c’+lc’-l,0,+1,=0

0,00,

e Three Invariants of the stress tensor
1
=0y, |,= 2(6 0.—0.0. ) |, =det[0ij].

1 jj ] jl

Yy o
A \
ry274ryx
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44_> o,
‘; | Tzx | 7, —_—
4 /,
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(General Coordinate System) (Principal Coordinate System)

|=0

I1=01+0'2+03,

|, =0,0,+0,0,+0,0,

O,

0 O]
0 o, O
0 0 o]

|, = 0,0,0,.
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Traction Vector Decomposition

2

NZ+ 82 =T

_71M) . = _ _ 2 2 2
N=T"-n=Tn =o;nn =on +0,n; +0;N;

o

2
— _ _ 2.2 2.2 2.2
=TT, = oo N =0 N +0o,N; + 03N,

(n2_82+(N—62)(N—03)
2 =
(01_62)(01_0'3)
2 — —
:><012n12+022n§+05n§=N2+82:><n§:S +(N 03)(N 01)
(02_03)(‘72_01)
2_52+(N—01)(N—02)

N
\ ’ ((73_‘71)(03_0-2)
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on; +o,n, +o,n; =N

2 2 2
N +n,+n; =1

The principal space is taken as the reference.




S

Mohr’s Circles of Stress

A

S2 +(N—UE)(N—(53) =0

Admissible N and S values lie in the shaded area.

For o, =2 0, 2 o,
(S24+(N-0,)(N-0,)>0

N |=4S°+(N —0,)(N-0,) <0

| o kS2 +(N-0,)(N-0,)20
1
Smax 25(0-1_63)

The principal space is taken as the reference.
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Octahedral Stress

n=(te,+e,+e,)/\3
{alnf +o,N; +o,n; =N
—

2,~2 2~2 22 _ 2 2
o N +o,n, +o;n; =N°“+3S

1 1
N :08:§(al+02+03):§ll

 QOctahedral shear stress Is
the equivalent stress of
the maximum distortion
energy criterion.

 Extremely significant for
plastic deformation
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Sample Problem

 For the following state of stress, determine the principal stresses
and directions and find the traction vector on a plane with the given
unit normal. Also, determine the normal and shear stresses on this

plane.

e Solution:

,=3 1,=-6

= -0°+30.°+60,-8=0

(3 1 1]
6=|1 0 2|, n={0 Y2 12},
12 0
|,=-8 (n® = (—¢,+e,+¢,)/\3
j1n( =(-e,+e,)/\2

=o0,=4, 0,=1 o,=-2.

@ 40 4 =

= {n® —4n{’ + 2nM = 0

n 4+ 2nfY

=n" =(2¢, +e, +e,)/\/6

4n =0

(n) —
0 T

cz{O 1/\2 1/\/5}

P P W

1 1
0 2|=+2(e,+e,+6,)
2 0

\/E(e +e,+e,) (e, +e,)/v2=2

_|\|2_

19



Hydrostatic, Deviatoric and von Mises Stress

. Hydrostatic (mean) stress tensor: only measures volume change

1 1
—Gh5 _30'('(5 —3(0X+c7y+az)5ij

~

» Deviatoric (octahedral) stress tensor: shape change o}, = 0; — G,

» The von Mises effective stress can be regarded as a uniaxial
equivalent of a multi-axial stress state:

R T S o—"

2 0 0
(0 0 0
1, 1 3,
6=|0 0 O0|0,=20,6={0 --0 0 |=>o,=,700,=0
3 3 2
0 0 0 1
0 0 -——-o
3

« The hydrostatic and von Mises stresses are invariants of the stress
tensor: they have the same value regardless of the basis. 20



Conservation of Mass

e Conservation of mass
pdV = p,dV,
= J=dV/dV, = p/p

* Time derivative of § -
linear momentum o contigumtion configuration

”f ,ovdV——” VopovdV ” Vopo

 Time derivative of angular momentum

% Il 9.9V = Emvo 23 Y ¥PoVo = [, i (ddyt s ddvt ]p"dv

I, ey, Bt = ] 3, B v
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Conservation of Linear Momentum

A MM, < 'dV ”Td8+_m Fav = [ ounds +[[[ Fav

S = J” ot F
0oy, 5721+6731+F - pa,
1
@ ayl ayz ayg
= |0, +F =pa|= Oty + 00 + 0Ty +F, = pa,
, ayl ayz 5)’3
0Ty, 82'23 N 004, +F, = pa,
3
o A ayl ay2 ay3
o, + Y dy
—Tgidy ViEXY,=EYy=
a, =Y F=|o +aaX dx |dy —o,dy
. +Fy Arxy+ xy dx 2_D p X X X ax .
ot
Ty dy : FX o +%dx + ,Z.yx + yX dy dX—’Z'deX-|— FXdXdy
dx OX ay
o oo, 07,
: — X+ + FX = pax
L ox oy
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Conservation of Angular Momentum

' S{JT, rx pvav = [ xTds + [, rxFav

— .-..S &5 Y04 dS + mv &Y, FdV
B jv ((giik YO )J T & Y F )dV

= 0= [, oty + 5 Tmerei=a) v

_ _ .

s Yi=XY, =YY=

o0t
A5 ’rxyﬁg;vdx :V'\Z-D O:ZM—(T +a—dx]dy dx+7, dy%dx

T | Y 0
o —(Tyx-l— il dyjdxldy—ryxdxldy
oy 2 2

\iL 7y T 23




Conservation Laws in terms of PK1 & PK2

e Conservation of linear momentum

n,dS = JdS,nF;"
J=dv/dV,=py/py =[] apdv =[] ounds+[[[ Fdv

S, = Jij_la

vV~

= [[f, P ﬁ o6 s, + [, Ry =[], [ Sus+ 26 e Jov, =0 =

S, o(=,.F
By P _pa v.s+ = pal (%4F) + 20k = pa, v (Z-F )+ 2F = pa
5Xk P P OX, P P

 Conservation of angular momentum

G=£F°S=£F-E-FT, c' ZEST.FT ZEF.ET.FT
J J J J

6=¢ =|F-S=(F-S) =S"-F', Z=X
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Rate of Work Done by Cauchy Stress

W = [[ T'vids + [[] Rvdv
= :S n;o;Vv,dS + ”_[V Fv,dV

o | B
:“IV a—yj(ajivi)Jr Fivi}dv

...V g 2\/+{86“ +FiJvi}dV
2V Y, 5yj
= [[[ o (Dy +W; )+ paw, }adv = [[[ oDaV + ][ pavdv

= 1T ouPuav +[[[, o5 (v )aVo = [[[, 7,050V + ], 2 pvav

W = [[ T'vds +[[[ Fvav =[] o,D,dv +—m = pvv.dV

 Rate of work done by Kirchhoff stress

/.
r N\

N

W:jﬁaDJdV+—m = povivdV, :>V\'/:merdV+—m = pviv.dV,

v, i




Rate of Work Done by PK1 & PK2 Stresses

TdS =n?S;dS,,dV = JdV, =W = [[ T'vids +[[[ FvdV = [[_nis vdS, +[[[. Fv,Jdv,
- : oS ..

_m{ (s;v) +JFv}dV =[], {sjig)‘("jJr 8X:'+JFijVi

:>V\'/='['[8Ti”vid8+vaividV—:j S, F.dV, +—m = pvvdV,

1 .1
2(zik+zki)|:ijj :2(2 FiF+Z6Fo )

dv, = J.J.J-Vo S, FdV, +J”VO poavdV,

H J

S;F;i =(ZuFy ) Fyi =

Ij jl

;(z FiFy + 2 FiFy ) =2 %(F-iF-ﬁF-iF-k):EikEik

ik " i ik " i

=W = H T,v,d3+m Fv.dV = jjjvoz,kE,de+ ” povv.dV,

1 1 . 1 . 1, . .
Eik :E(Cik _5ik):§<Fjiij _5ik):> Eik :Ecik :§<Fjiij + Fjiij)

» Rate of work done by infinitesimal stress

= |W :HSTi”vidS +m‘ v.dV = vao c &, AV, +— - HJVO pVvidV,
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