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Statically Determinate Problems

 Problems can be completely solved via static equilibrium
« Number of unknowns (forces/moments) = number of
Independent equations from static equilibration
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Statically Indeterminate Problems

 Problems cannot be solved from static equilibrium alone
« Number of unknowns (forces/moments) > number of
Independent equations from static equilibration
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Degrees of Indeterminacy of Structures

* For a co-planer structure, there are at most three
equilibrium equations for each portion of the structure. If
there Is a total of n portions and m unknown reaction
forces from supports:

m = 3n = Statically determinate

m > 3n = Statically indeterminate
m - 3n = Degrees of indeterminacy
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Advantages & Disadvantages of Indeterminate Structures

« Advantages:
- Redistribution of reaction forces / internal forces

- Smaller deformation
- Greater stiffness as a whole structure

 Disadvantages:

- Thermal and residual stresses due to temperature change
and fabrication errors



Redundancy & Basic Determinate System

« Redundancy: unnecessary restraints without which the
static equilibrium of a structure still holds. - - .
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 Basic determinate system: the same structure as of a
statically indeterminate system after replacing redundant
restraints with extra constraining loads ’ —




How to Analyze Statically Indeterminate Structures?

 Basic determinate structure: obtained via replacing
redundant restraints with extra constraining loads.

« Equilibrium: Is satisfied when the reaction forces at
supports hold the structure at rest, as the structure is
subjected to external loads

» Deformation compatibility: satisfied when the various
segments of the structure fit together without intentional
breaks or overlaps

« Deformation-load relationship: depends on the manner
the material of the structure responds to the applied loads,
which can be linear/nonlinear/viscous and elastic/inelastic;
for our study the behavior Is assumed to be linearly elastic
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Force Method (Method of Consistent Deformations)

 The method of consistent deformations or force method
was originally developed by James Clerk Maxwell in 1874
and later refined by Otto Mohr and Heinrich Muller-
Breslau.

James Clerk Maxwell Christian Otto Mohr Heinrich Miiller-Breslau
(1831 — 1879) (1835 — 1918) (1851 - 1925)
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Force Method Solution Procedure

» Making the indeterminate structure determinate

 Obtaining its equations of equilibrium

 Analyzing the deformation compatibility that must be
satisfied at selected redundant restraints

» Substituting the deformation-load relationship into

deformation compatibility, resulting in complementary
equations

« Joining of equilibrium equations and complementary
equations

» Types of Problems can be addressed include (a) bar
tension/compression; (b) shaft torsion; and (c) beam
bending
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Statically Indeterminate Bars

* For an axially loaded bar with both ends fixed, determine
the reaction forces.

 Solution:
A Y
RgL (P_RB)Ll ﬁl
O=AL=——B—=2+4 g
EA EA I,
L,
= R, :hP P l
L L
=R, :ﬁP R,
L
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Sample Problem

e Determine the reaction forces at the bar ends.

A

» Solution: e 150*“““
R, 300 kN . 150 mm
- 400x10° N
(600 B RB ) ><103 A =400 mm=—__ {( 150 mm
0=AL = 24: FL _ 150x10°° ’ 400x107° 600 kN E{_nm
i EA E +(6OO_ RB)X:LO3 : :
250x10°° - = —~
+ (900-R; ) x10° Ars Aph A gy
250%x10°° 300N L s00kn |
— R, =577kN 4 = g +
= R, =900-577 =323kN 4 .
600 kN 600 kN
5=0 TREE | A or




Sample Problem

« Determine the reaction forces, if any, at the bar ends. E = 200 Gpa.

e Solution:

4
45x10° =AL=) 1% il

o EA
I:QB
© 400x10°
(600— R, )x10°

_I_
150x10°° 400x107°

~200x10° | (600 Ry )x10°
_I_
250x10°*
N (900 - R, )x10°

250x107°
= R; =115.4kN

— R, =900-115.4 = 784.6kN

A = 250 mm? }

e 150 mm

=

300 kN 150 mm
ot
A = 400 11'111‘12;_5__* K 150 mm
-
600 kN 150 mm
l B }
| B
4.5 mm B
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Sample Problem
 What i1s the deformation of the

/—Tn!}u (Ag, E5)

rod and tube when a force P Is

Rod (A,, E,)

[:I

exerted on a rigid end plate as

shown?

N NN

"N End plate

e Solution: P
P+P, =P {
\ EA EA

\

ALZ []f

E,AP EAP
P, =

=P =

EA+EA,
PL

EA+EA

EA+EA,

— AL =

~n P

P

RN
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Sample Problem

« Given: tension/compression rigidities E;A; = E,A, = EA,

E,A,, external load F. Find: internal forces in bars.

e Solution:

1. Make the truss determinate by
replacing extension/contraction
restraint along Bar 3 with Fy,

2. Static equilibrium at joint A
Y F,=0=F,=F,
Y F,=0=(F, +Fy,)cosa+F,=F

5 e
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3. Displacement compatibility at joint A

Due to symmetry

Al = Al

Al, =A4l,cosa

4. Displacement-force relationship

Al = Pyl
EACOS o
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5. Complementary equation
Fl

Al, = =Al,cosa =

_ N3I
E A Cosa E. A

EA
cosa = F, = FNsE—COSZ a
3

6. Joint of force equilibrium and complementary equations

-

FN1: FNZ
J(Fy,+Fy)cosa+F,=F =
Fo, = FNB—EA cos’ «
Q E3

F
FNl — FNZ —
2C0sa + E3A~’>2
EACOS® o
F
Fys =
1+2 cos°

3
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Sample Problem

« Given: tension/compression rigidities E;A;, E;A,, E;A,,
external load F. Find: internal forces in bars.

e Solution:

1. Make the truss determinate by
replacing extension/contraction -
restraint along Bar 3 with F; A v

2. Static equilibrium at joint A

F.sina+F,,sina=F (1) Fu PN Fy,

F..cosa—F,cosa—-F,=0 (2) . E!/
A
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3. Displacement compatibility at joint A

_AIZ _ _All 9 AI3
SiIna  SINa tan o

= Al, = Al, + 2Al, cos o
4. Complementary equation

Al = P’ , Al = Puo! , Al = Fuo
E A cosa E,A cosa E. A
— FNZI — |:Nll _|_2 |:N3I COS ¢
E,A,cosa EAcCOsSsa EA
SNV TN S RNV (3)
TEA EA EA

5. Joint of force equilibrium and complementary equations




Assembly Stress

 Residual stresses exist in statically indeterminate
structures, originated from assembling / fabrication errors

of structural elements
 Bar 3 Is 6 shorter than required
 Force equilibrium:

Faa = Fae

F. = (Fy + F,)Cosa
 Displacement compatibility:

F Fas F
p ‘Au S N1 N3 Fppo
-+ o
> cosa yf)/

A

e

1

@ @ T
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o A
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Sample Problem

 Given: AB rigid; E;A, = E,A, = EA; Bar 1 is ¢ shorter than
required. Find: mternal forces in Bar 1 and 2 after
assembly. F F, 3

 Solution:

1. Basic determinate structure A B
and force equilibrium of AB:

> M, =0=aF, =2aF,

2. Displacement compatibility: ~ .y4l, ___. |
Bar 1 lengthened & Bar 2

shortened: A & ——i a ] B

O—AL _ 8 o(5-AlL)=Al
Al 2a

-
-
-
-
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3. Displacement-force relationship:
_Fl
CEA’
4. Complementary equation:

_ FZI

Al -2
EA

Al

2(5—Al) = Al :2(5—F—1'j=F—2'
EA) EA

5. Joint of force equilibrium and complementary equations

_ 45EA
5

4 —
2(5—':—1') _Hl 1 25EA
| EA EA F, = T

‘aF, = 2aF, F

23



Thermo Stress

L - A temperature change results in a change in length or
thermal strain. There is no stress associated with the
thermal strain unless the elongation is restrained by
the supports.

Treat the additional support as redundant and apply
A B the principle of superposition.
S =a(AT)L

_PL
" AE

a = thermal expansion coefficient

» The thermal deformation and the deformation from
the redundant support must be compatible.

5251' +5p=0 P:—AEa(AT)

: P
o a(AT)L+%=o o =—+=-Ea(AT)

« Example (low-carbon steel)
ll

o =—(200 GPa)(12.5x10°°/C°)(AT ) =-2.5 AT MPa
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Coefficient of Thermal Expansion

Coefficient of Coefficient of
Material thermal expansion a Material thermal expansion a
10-/°F 107%°C 10~°°F 107°PC
Aluminum alloys 13 23 Plastics
Brass 10.6-11.8 19.1-21.2 Nylon 4080 70-140
Polyethylene 80-160 140-290
Bronze 0.9-11.6 18-21
Rock 3-5 5-9
Cast iron 5.5-6.6 9.9-12
Rubber 70-110 130-200
Concrete 4-8 7-14
C - ond I 909 0.8 L6617.6 Steel 5.5-99 10-18
opper and copper alloys 2-9. 6-17. High-strength 2.0 14
Glass 3-6 5-11 Stainless 9.6 17
: 2
Magnesium alloys 145-160 | 26.1-28.8 Structural 63 12
Monel (67% Ni, 30% Cu) 77 14 Titanium alloys 4.5-6.0 8.1-11
Nickel 79 13 Tungsten 24 4.3

25



Addressing Thermo Stresses
e Extension / contraction knots:

e Extension / contraction slot:

O O O O
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Statically Indeterminate Shafts

« Determine (a) the reactive torques at the ends, (b) the maximum
shearing stresses In each segment of the bar, and (c) the angle of
rotation at the cross section where the load T, Is applied.

e Solution:
_ TBLB (TO_TB)LA_O
¢B/A—_ + -
Gl g Gl ,,
LI LI
=T, = AR T, T,= T
Lol o+ Lal g Lol on + Lal g
T, (dg/2 T,(d,/2 T.L. T.L
:>(TBC)max: B( 5 ), (TAC)max: A( A ) = ¢ =B =_A"A
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Statically Indeterminate Shafts
« For the special case of d, = dg:

L. I L. I
=T, = A_pB TO:iTO, T, = B_PA Tozi i
Lol on + Lal g L Lol on + Lal g L
_Te(d/2) LT, _Ta(d/2)  LdT,

= (o ) = o (e = oL

P p P P

— TB LB _ TALA _ I_AI_BTO

Gl, GlI, LGI,

= @
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Sample Problem

« What Is the deformation of the
rod and tube when a torque T is
exerted on a rigid end plate as
shown?

 Solution:
rT1+T2 =T
. T.L T,L
L G1|p1 GZIpZ
T = GllplT T, - GZIpZT
Gl +G,l, Gl +G,l,
TL
:>¢1:¢2:G | =
1 p1+ 2°p2

Bar (1)

Tube (2)/
dr’]
A 4 -
Bar (1) L —l
A ﬂrl drjf
1R ?_2
-
J[ k\TMIJM:I[E"} 29

Tube (2) @
A / '/'\ B
f T
Bar (1) L —
™~
End
I plate



Sample Problem

» Determine the maximum shearing stress in each of 4
the two shafts with a diameter of 1.5 iIn.

» Solution: f
(4/12) 600 Q |

) 4 in. \
T,L T,L
2 =4
e = Gl, e = Gl,
:>T _120Ib ft, T, _240Ib ft, F=14401Ib

d/2) 240(12)(1.5/2
() = 2 (2) 24002)(152
71.5%/32

p

N
/_\

=4.35 ksi

= (TAC )max - TA (Id/2) - %(TBD )max =2.17 ksl

P 30



Statically Indeterminate Beams

A propped cantilever
beam

» Make the beam
determinate by
replacing the restraint
at B with Fg

» Make the beam
determinate by

replacing the rotational

restraint at A with M,

RERERRERE

>
SNOOOONNNNN

A

>

|
|
|
|
|
O
|
|
|
|

o

ANN NN\

M A<_

q<—
TI
o

A |
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B

<

>

—
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Sample Problem
« Known: g and I. Find: reaction forces at the supports.

AOONNNNANNNN
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 Method 1:

» Take the deflection
restraint at B as the
redundant restraint

» Deformation compatibility
requires:

w, =0
FI° qgl®
3El 8El
=" _3dl

8

>
SOOOONNNNNN

>
SNOOOONNNNNN
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 Method 2:

» Take the rotational
restraint at A as the
redundant restraint

» Deformation compatibility = |

AN j>\\\\\
———
-
e
I
e
I
e
I
e
e~

oo

requires:

0,=0 by q
I\/IAI_qIB_ Av¢¢¢¢¢¢¢¢¢¢5
I 24E1 4P oY
:>MA:l

8
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Sample Problem

 Cantilever beam AB is enhanced by another cantilever
beam CD with the same EI. Find (1) contact force at D;
(2) ratio of deflections at B with and without enhancement;
(3) ratio of the maximum bending moments in AB with and
without enhancement.

P
i A
7 9
c D
e e
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e Solution:

e Contact force at D A 5
F
7 A D
2 '
7
7
C
|:D

- Deflection compatibility Wi (AB) = W, (CD)
at D requires

W, (CD) =

3

F,a
3E| C Fy




/A B
7 ]
’ | D
A YFD
/ —
P
t |
/A
/ = B
Fpa’ Pa’ F,a® 5Pa’
AB)=-—-2—(3a- 3(2a)—-a)=--2L
W, (AB) = (3a a)+6EI( (2a) a) e 6E)
3 3 3
WD(AB)ZWD(CD):—FDa +5Pa _Fa :>FD:§P

3ElI  6ElI  3El 4
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« Ratio of deflections at B with and without the enhancement

P(2a)’ 8Pa
W P

3EI  3El
2 3 3 3 3
W51=—FDa (3(2a)_a)+8Pa _ ok +8Pa :39Pa
OEl 3El OEl 3EI  24El

Wg, 39Pa3/8Pa3 39

— = p—
w,, 24El/ 3El 64
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» Ratio of the maximum bending moments in AB with and

without the enhancement. P
A B‘
. Without: 2 ,
) X
M, (X)=—Px= M, =M, =—2Pa
AFD P
A D
. With: y =
/ <€
X
—Px x<a
M, (X) =
—Px+F, (x—a) a<x<2a
— Mlmax — MlD =—-Pa
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Exercise

» Find the reaction forces for the following continuous beam.




Moment-Area Theorems with Indeterminate Beams

w

 Reactions at supports of statically indeterminate
beams are found by designating a redundant

g constraint and treating it as an unknown load which

=== gatisfies a displacement compatibility requirement.

« The (M/EI) diagram is drawn by parts. The
resulting tangential deviations are superposed and
related by the compatibility requirement.

 With reactions determined, the slope and deflection
are found from the moment-area method.

tga = 0
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Combined Indeterminate Structures

» For the coplanar structure shown below, the flexural
rigidity of AB is El, tension rigidity of CD is EA; P, L and
a are given. Find Fp.
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Combined Indeterminate Structures

» Solution » Deformation compatibility requires:
T 85 W, = Al g
P-F.)L°
| L PoRIE R
4A8EI EA
1 ocC 3
= F. = AL =P
48la+ AL
Fc
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More Examples
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More Examples
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More Examples




More Examples

1A L, —A =255 mm-=
3 m 20 kN/m
S l YYYY VY VYV VY YV
B
C
~—06m
S6 X125 | L | Mc
S L ' ——
<6 ft B Cl T Hc
L L |
«— Steel rod P 2
, ﬂ oM } . _
4i]0 Ib/ft Ly Ve ——> Consider
L L L
L g:;‘ EREEER NS L z o?flythef
C ¥ e ECtSO
Wood beam :& - A# Hy 1
B — 1, bending.
10 ft mft—-‘ VA'I S/ A }VA
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