Linear Elastic Materials
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Introduction

e Relations that characterize the mechanical behavior of
materials

 Perhaps one of the most challenging fields in mechanics,
due to the endless variety of materials and loadings

» The mechanical behavior of solids Is normally defined by
constitutive stress-strain relations

o="f(e&t,T, )

* Linear elastic model (Hooke’s law)
» Elastic-plastic model

* Visco-elastic model

* Visco-plastic model



Introduction

« Neglect strain rate, time and loading history dependency
Set aside thermal, electrical, pore-pressure, and other

loads
Include only mechanical loads

Assume linear stress-strain relationship
Defined as materials that recover original configuration
when mechanical loads are removed

Agree well with experimental te

o, =Eg,
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Linear Elastic Model

* Hooke’s law 1n 1D: — —>
o=F¢
* In 3D, one might generalize this in tensor form as
c6=C¢ 0, =Cu&,; €=35I6 & =35,,0

» Most generally, C has 81 independent components.

 Thanks to the (minor) symmetry properties
O;; =05 = Cijkl = Cjikl’ €y =& = Cijkl = Cijlk

» The number of independent components is reduced to 36.



Matrix Representation

Ojj = Cijkl &

= Cijllgll T Cijzzgzz + Cij33533 T 2Cij12512 T 2Cij13€13 + 2Cij23‘923

e 36 elastic constants
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Major Symmetry of Stiffness/Compliance Tensor

« Assume an Increment of u
u—u+ou

» The work increment done by F
oW =Fou = GA5(|8) =V oos = oU
e Strain energy density:

SU, =SUN =W N

e Generalize to 3D
F.-sudV +H T-sudS
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Major Symmetry of Stiffness/Compliance Tensor

* Applying the divergence theorem on the surface integral:

G o, o5u
o =[[ Fi5ui+a(aji5ui)}dV: Mpiaui+ % 7, S0 v

J J J

_ J.”V F s 00 ; ]5Ui +0; (5gij +5a)ij) dVv

6&

=([[.1| 7+ aﬁx_“ ]5u, +0,0; |V = [[[ 7,08,dV = U

J

« Major symmetry property
1

oU, = Gijggij =U, = _[Gijégij = J-Cijklgklé‘gij = ECijklgijgkl
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Matrix Representation

O = Cijklgkl

= Cij11‘911 T Cij 22E99 T Cij33533 T 2Cij12‘912 + 2Cij13‘913 T 2Cij23523
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Linear Elastic Anisotropic Models

 Differences in material properties along different
directions.

« Materials like wood, crystalline minerals, fiber-
reinforced composites have such behavior.

e ' QLT
B OO
= Qoo SRS
OO A o .

Typical Wood Body-Centered Hexagonal Fiber Reinforced
Structure Cubic Crystal Crystal Composite

 Note particular material symmetries indicated by arrows.
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Linear Elastic Orthotropic Model

« \Wood Is an example of an
orthotropic material. Material
properties in three perpendicular
directions (axial, radial, and
circumferential) are different.
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Linear Elastic Cubic Model
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Linear Elastic Isotropic Model

» |sotropic tensors are defined as those tensors whose
components remain the same under all transformations

» The most general fourth order isotropic tensor
Ty = @0;0 + 0,0, + 70,0,
 Imposing the symmetry conditions
Cijkl = 2’5ij5kl +:u(5ik5jl +5iI5jk) Sijkl — dlé‘ijé‘kl + dz (é‘ikgjl +5i|5jk)

o | [A+2u A A 1 &
o, A+2u A &,
O, A+2u Eq

¢ Tr= ] -
T1 H 2&,
T3 Symm. H 28y,
Ty M |26

 The constants are to be determined experimentally.
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Linear Elastic Isotropic Model

» Since there are only 2 independent < &
elastic constants, It suffices to conduct } |
experiments in 1D: E=o/¢, v=—¢'/¢ fgv

 Specify the general stress-strain relation:
Eij = Sijklakl = {dlé}jgkl +d, (5ik5j| + 5i|5jk )} Ou = dlgkké}j + 2d20ij

&1 = (dl + 2d2)011 =0,/E N {dl =-v/E

0117&0,022:033:0:{ d, = (L+v)/2E

&y =00, =-vo,/E
( Vv 1+v

Sijkl = _Eé}j5kl +E(5ik5jl +5i|5jk)

—.

1+v 1%

Eij = Sijklakl = ?Gij _Eakkgij
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Linear Elastic Isotropic Model

e Stresses In terms of strains
1+v V

Eij :?Gij _Eakké}j
1+v 3v 1-2v E
—= Emm = ?Gmm _Eakk — E O mm — O = Egkk
1+v 1% v E
— ?Gij = &j; +E0kk5ij =&; T P gkk5ij

E vE
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Linear Elastic Isotropic Model

* A plot of shear stress vs. shear strain is similar to the
previous plots of normal stress vs. normal strain except
that the strength values are approximately half. For small

strains
Ty =067y

where G is the modulus of rigidity or shear modulus.
iy

* In terms of the general Hooke’s law T
O = A&y 0y +2us; 5‘{ I'\_E ,ﬁ :
= 0y, =7 =24, = uy =Gy \/_;fl >
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Linear Elastic Isotropic Model
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Linear Elastic Isotropic Model

* Alternative derivation of the generalized Hooke’s law
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Linear Elastic Isotropic Model

e Alternative forms in terms of deviatoric stresses/strains:

1+v vE E
g =—— 0. — a 0. Xeop! = A 5 +2us A= U=
17T Qi TG T T ) - 2) T 2(1 )
;1 1+v( , 1 1% 1+v , 1-2v
— &jj +§gkk5ij = (Gij +§Gkk5ijj Gkkglj ?O'u + = Gkké}j
, 1+v Ui} 1-2 O , 1 B i O
— glj _? ij — ZG S = E kk _B_K’gu glj 3 kk “lij °G 9K ij

e Strain energy
1 1 1( , 1 1
U= jgijdgij 2C|Jkl‘9 Sy = 5 - 0ijj :E(Gij +§Gkk5ijj(gij +§gmm5ij)
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Linear Elastic Isotropic Model

* Recall that, the elastic stiffness tensor C is a fourth
order isotropic tensor.

* |ts components remain unchanged under any orthogonal
coordinate systems.

* The 1sotropic Hooke’s law stays the same.

A X
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Small Stretches but Large Rotations

» Stress-strain law for an anisotropic, linear elastic material
;= Cijéi
* This stress-strain relation can only be used if the material
IS subjected to small deformations and small rotations.

« Compute the linear strain due to a rigid-

Y1
Y

e The error of linear
strain 1S In the order of
62

e The definition of linear
strain must be discarded =

|

—

N

for deformations
Involving large rotation.
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Small Stretches but Large Rotations

» A nonlinear strain measure, together with its appropriate
work-conjugate stress measure, needs to adopted.

» Since both are defined w.r.t. the undeformed configuration,
we prefer to use the material stress (PK2)—Lagrange strain
relation .

Zij = Cijkl Ekl’ Ekl = E(ij Fjl _5kl )’ de<nO) = dAOniOzij

 Cauchy stress-Eulerian strain relation

E=F -E"-F, E,=F E. F c:%F-Z-FT, 6. —1Fs F
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Small Stretches but Large Rotations

» For Isotropic materials

E vE
> =C.E,=——E, E.O:;
i Ijkl =kl (1+V) IJ+(1+V)(1—2V) kk ~1j
E vE «

=C. E = E E. O..
% = S = Y T ) (1)

* Cijq and Cy;™ are tensors of elastic moduli with
orientations of the undeformed and deformed
configurations, respectively.

» For Isotropic materials and infinitesimal deformations

o.=C..¢& —Lg + vE 200 )
1T T ) T v (1m2v) e
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