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Review of Field Equations

» Strain-displacement relations: &; = %(ui,j +uj;)
» Strain compatibility: &; 4 + €4 — iyt — Ejik =0
» Equilibrium: oy ; + F; =05 ; + pb, =0.

 Isotropic Hooke’s Law:

O = = { Y gkké‘ij+gij}; &
(1+v) (1-2v

 Traction BCs on S,
» Displacement BCs e

on S, l

ey Original Deformed
Configuration Configuration
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Thermoelastic Constitutive Relations

 Atemperature change in an elastic solid produces deformation.
 The total strain can be decomposed into the sum of mechanical and
thermal components.

* |t is extremely important to understand that, the elastic stiffness
tensor (C) correlates mechanical stress and mechanical strain.
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Cylindrical Strain and Rotation
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Cylindrical Equilibrium Equations

V -6 = contraction on the first and third index of 6V
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Hooke’s Law in Cylindrical Coordinates

A X,

* Recall that, the elastic stiffness
tensor C is a fourth order
Isotropic tensor.

* |ts components remain unchanged
under any orthogonal coordinate

systems.
o The isotropic Hooke’s law stays the . RPN
Same. E y
o, = (6, +¢,+¢&,)+¢,
(l+ v) 1-2v
gi'jl'otal g -I—&'T _1—'_?1/0 —Egkk5 —|—0[AT5 o, = (151/){1_1/2‘/ («S'r +€9 +82)+€9
E 1% EaAT
= O.. e — O . E | %4
@i (1+V) {1—2\/ “uC +8IJ} (1—21/) ! 0, = (1+V) {1_21/ (‘9r T &y +gz)+gz
T __E E T,y = E E T, =
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Axial Symmetry

* Displacements and stresses

u=u,[rle +¢e,, o=0,[r|ee +o,[r]|ee,+0o,[r]ee

« Strain-displacement relation:

du,

&, = )

dr

 Equations of motion:

do,
_I_

o, — 0,

dr

: +F
r

E

=—pa°r

(Lrv)(1-2v

){(l—v)gr +VE, +VE, | —

){vgr +(1-v)e, +ve, } -

){vgr +ve, +(1-v)e, |-

EaAT

(1-2v)’

EaAT

(1-2v)’

EaAT

(1-2v)

Plane strain, or
« Hooke’s law in cylindrical coordinates =~ generalized plane strain

e Plane strain
g, =0.

 Generalized plane strain
g, =const., F, = IbZEFGZdr.
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Axial Symmetry

. Plane stress

ota 1+v E 1% EaAT
— 1 AT
=0=0,= E { Y (8r+86,)+ 1-v gz}— EaAT :>82=( tv)a __Y (8r+89)
(1+v) 1-2v 1-2v (1—2V) 1—v 1—v

=, =& +E,+E _(Lv)edT +1_2V(g +é&,)
' ’ 1-v 1-v '
o= E (¢ 4ve,) EAT
B R (B
=|o, = E ~(ve +80)_E0!AT
—yi (1-v)
o,=0, ¢ = V(O'X+G )+aAT
Plane stress

» Boundary conditions: U [a]=u,, u,[b]=y,
o, |al=0,, o.|b]l=0,



Axial Symmetry

« Stresses in terms of displacements (generalized plane strain)

E

o= {(1—1/)dur +Vi+V6‘ }— EaAT ,
' (1+v)(1—2v) dr r ‘ (1—21/)

o, = E {v au, +(1—v)u—r+vg }— EaAT
7 (1+v)(-2v) | dr r o(1-2v)
E

o, = {v au, +v&+(1—v)5 }— EoAT
© (I+v)Q-2v) | dr r ]o(1-2v)
 Stresses in terms of displacements (plane stress)
E (dur urj EaAT E ( du, urj EaAT
o = +v— |— , O, = =V +— |- :
T o1-v*dr r) (1-v) 1-v dadr) (1-v)
« Equilibrium equations In terms of displacements

(generalized plane strain) do,  0,-0,

+ =—F — po’r
dr r P

2 —
N d Uzr _Ug +ldur _d {l d (rur)}: a(l+v)daT (1+v)(1 ZV)(Frera)Zr).
dr* r* rdr dr|rdr (1-v) dr E(1-v) 0




Axial Symmetry

 Equilibrium equations in terms of displacements

(plane stress) ddfi 4 ;% = _F - pa'r

du. u  ldu d(1d dAT (1—1/2)
T v ar :dr{FE(ruf)}:“(“‘/) o E (F, + par).

« Given the temperature and/or body force distributions, the
radial displacement can be solved by integration.

« Two constants of integrations must be determined from
BCs.

« For the generalized plane strain solution, ¢,, can be
determined from:

F, :ijﬂFGZdr, o, =

EaAT
(1-2v) |

E
(1+v)(1-2v

){vgr +ve, +(1-v)e, | -



Pressurized Cylindrical Shell

* No body forces act on the cylinder.
» The cylinder has zero angular velocity.
« The cylinder has uniform temperature.

e Plane strain solution:

1d B

{— (rur)}:o = U, = Ar+—
dr | r dr r

E E

du, u B
- (1+v)(1—2v){(1_v) ar 1 }: (1+v)(1—2v){A_(1_2V)r_2}
O'r[a]—pa}:{ (1+v)(1 21/)( 2 - pbbz) 5 (1+v)a’h*(p, - pb)

o,[b]=-p, B

b2—a? E b? —a?
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Pressurized Cylindrical Shell

 Plane strain solution:
(paa2 B pbbz) B azbz(pa -p,) _ (paa2 B pbb2)+ azbz(pa -py)

O, = b2 — 32 rz(bz_az) 0o = b2 — 32 rz(bz_az)
2 K2
g, =0 :>0'Z=v(0'r+0'6)=zv(p;?_a2pbb );
1+v a’b*(p,—p
“f:E((bz_iz){(l_zv)(paaz‘pbbz)” . b)}

 [f the cylinder is allowed to stretch parallel to its axis:

1™

F, I 2710, dr = (p,a’ - p,b?)
o, Vv F 2V(paaz—pbb2)_

Z

:gz:E_E(O— +66’) (bz_az)_ E(bz_az)

o |2 S

—ve,re, +¢,26,.

> U=




Spinning Disk

« No body forces act on the disk.
« The disk has uniform temperature.

« The disk is sufficiently thin to
ensure a state of plane stress in
the disk.

2 2
d {l d (rur)}:—(1 Y )pa)zr :>ur:Ar+E—(1 Y )pw2r3

dr | rdr E r 8E
E (du = u E B (1-v*)(3+v)
O, :1_‘/2{ dr +VT}:1_V2 {(1+V)A_(1—V) r2 _( 8)E pa)ZrZ}

1V)(3+v) e
8E

o, [0]=finite =B=0; o,[a]=0 :>A=(
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Spinning Disk

(1-v) po’®

T {(3+v)a’r—(1+v)r’};
o = (3-|8-V)pa)2(a2 —I’Z),
E

du u w*
o, =1 {v drr + rr}:p8 {(3+v)a2—(3v+1)r2};

g v

£, 40, =B (3 4v)at-2(1ev) )

g, =
E

2
u = ze, =—V'040|; ‘ {(3+v)a2 —2(1+v)r2}.

* The maximum stress occurs at the center of the disk,
even though the centrifugal force is largest at the outer

boundary. _ 6. [0]= 0, [0] = (3;1/) ol

O

maX
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Interference Fit between Two Cylinders

No body forces act on the :

a+A :
solids. '
Generalized plane strain A

The cylinders have uniform
temperature.

The axial force acting on both the shaft and the tube vanish
separately, If they slide freely relative to one another.

After the shaft is inserted into the tube, a pressure p acts
to compress the shaft, and the same pressure pushes
outward to expand the cylinder.

u, [a]-a,[a]=A.

rL
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Interference Fit between Two Cylinders

» Displacement BCs

. 2
g 2P g Wv)A-2v) o 2pr
E E E
2v pa’ (1+v) , ah’p| 2vipa’r
=— ;U = 1-2v)pa’r+ ——-
Tl -at) E(bz—az){( VR e ()
~ \ EA(b?-a°)
ur[a]_ur[a]_ = |P= 2ah?
. Int_hes_haft i T Ea(ba’) _
c,=0,=—p,0,=0. =|0,=0,=- Sah O, =
. 2
:>U:—(1+V)I(E1 2v) pre, — 2V R e, + 2vpz e,
1-v)A(b*-a° A(b?-a’)z
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Interference Fit between Two Cylinders

* In the cylinder

r —a r
EaA b? EaA b*
= |0, = o5 (l—r—zj,cr@— oh? (1+r—2j,0'2 =0
(1+v) pa’r b’ 2v2pa’r 2vpa’z
U= 1-2 e =
R G R O M e
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Small Strain and Rotation in Spherical Coordinates

1
2(uV+Vu o= uV VU); U=Ugey +U,e, +U,8;
1ou, U, ou, U,
—R -2 lege, +| — ——2 leqe,
R Op Rsinp 00 R
- ou ou
uv, = +—(”ee Y 1M e e+ - 1 2 lee,
R R Rop)?” R Rsing 00 ) *
cotou
i @ R Rsing 06 R
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Equilibrium Equations in Spherical Coordinates

V -6 = contraction on the first and third index of ¢V

Vg Glog £87¢R+ 1 0t 205—0,—0,+C0ter 3
R R dp Rsing 66 R "
_ N arR(p 160 1 82'6@ 22’R¢+T¢R—C0t(0(09—6¢) .
R R O Rsmgo 00 R ?
N O0Tpry iéz—(pg_'_ 1 80'9+27R9+79R+C0t¢(79¢+%a) e
R R dp Rsing 86 R ¢
V-6+F=0 :
o7 20, —0,—0_ +COlpr
doy 1 R 1 67R9+ R™ %0 %Y ¢ R¢>+|:R:0’
oR R O0p Rsing 06 R
5% 1 ao- 1 0ty +3TR¢_C0t¢(%—U¢)+F 0
R R o RSIngo 06 R v
07, +£ 0y, . 1 oo, N 3y, +27,,C0tp +F, =0,
OR R 0p Rsing 06 R

AX3

Or Try Tre
TR(/) G(P Tﬁfp
| Tro Tgp Oy

R _

T =o0ge; + To€, T Tro€y
¢ __

T =76, +0,€,+7,8,
0 _

T =75+ Tg,8, T O4€y
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Hooke’s Law in Spherical Coordinates

A X,

* Recall that, the elastic stiffness
tensor C is a fourth order
Isotropic tensor.

* |ts components remain unchanged
under any orthogonal coordinate

systems. .
* The isotropic Hooke’s law stays the 1 \
Same.
on = E { Y (62 +¢, +89)+8R} EaAT
(1+v) (1-2v (1-2v)
Total T 1+v — E v }_ EaAT
& =g +¢ i =—¢ O —Eakk5 +aATo;, O, (1+V){1_2V(5R+5¢+59)+5 1-2v)
E 1% EaAT E 1% EaAT
= O. +&. v— O... =
Ojj (1+V) {1_2‘/ €9 +gu} (1—2\/) ij Oy (1+V) {1_2‘/ (gR +& +89)+80} (1—21/)’
E E E
TRe =77 7 = ~Cro ey = N o

T Wav) R T (1) T T (1)
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Spherical Symmetry

 Displacements and stresses

u=uy[R]es, o=0y[R]eses+0o,[R]ee, +0,[F

o Strain-displacement relation:
— duR uR

=—, g(p 9
drR R
 Equilibrium equations
dGR+£(GR—G¢)+FR=O.
dR R
 Hooke’s law
5. =E { V(6426 )H,R}_ EaAT « Boundary conditions
4 (1+v) (1-2v v

Er

E v EaAT Ug [a] = U, Ug [b] =,
kO'(p = (1+V) {1_21/ (gR +28¢>)+8¢’}_(1—2v) Oq [a] =0,,0R [b] = 0,

M e I Mt )




Spherical Symmetry

o Stresses in terms of displacements

du,
o | E 1-v 2v ) dR | _ EaAT 1
o, L+v)1-2v)| v 1 ]|lu | (1-2v)|1)
. R J
 Equilibrium equations in terms of displacements
o o -_E {duR_uR} do, E (1—v)d2uR+2v(£di—u—Rj ~ Ea dAT
7 @+v)dR ORJTAR (L+v)(1-2v) dR’ RdR R°)/ (1-2v) dR
do, 2 E(1-v) {dzuR 2 du, 2uR} Ea dAT
+—(O‘R—O' )+FR:O:> >+ — —— + g =
dR R ’ (1+v)(1-2v)| dR* R dR R*[ (1-2v) dR

d{1d, ., (1+v)a dAT  (1+v)(1-2v)
- dR{R2 R (R UR)}: i) &’ E@)

 Given the temperature and/or body force distributions, the radial
displacement can be solved by integration.

« Two constants of integrations must be determined from BCs.
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Pressurized Spherical Shell

« No body forces and uniform temperature ¢

d (1 d
dR(RZ dR(RzuR)j:O

1 d d -
:?d—R(RZuR)zsA = OI—R(RZuR)zsAR2

= R°u, =AR°+B = uR:AR+E2
R

aRzﬂ,(a”MZ“ijeéizz A-28op 2B 06 A28
R R oR R R R
—.
o =09=2(auR+ZURj+ZGU—R=1(A—£+2A+ZE3J+ZG(A+E3J
|~ R R R R R R
o =(3a+26)A- g _E A 2E 1g
R (1—21/) (1+V)R
) 2G E E 1
o,=0,=(31+2G)A+—B= A+ B
Y R (1-2v)  (1+v)R >4
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Pressurized Spherical Shell

e ThetractionBCsatR=aandR=0Db

E 2E B W
g = — A—
< % = (Ta)e-a 1-2v  1+va’
E E B
e ST M T -
_ A:(1—21/)(af‘3qc,i—b3qb) B_(1+V)(qa q,)a’’
E(b®’-a®) E(b*-a%) D,

\ \ V4 /
(1+v) b* 1-2v) , a’ =2
= U, = R + a’g, — b*
©OE(b*-a’) (2R L+ LN TN e

1 b® 1 a’
O-R - b3_a3 ( R3 _1j agqa - b3 _a (1_¥jb3qb’

o =0, = 1 b3+la3q— 1 a3
? 7% p*-a®| 2R® = b _all 2R

]beb

* Here, stress is independent of Poisson’s ratio. However, generally in 3-D
problems with specified tractions, stress depends on Poisson’s ratio.

9y
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Gravitating Planet

« Subject to its own gravitation attraction
« Uniform temperature
 Traction free at the surface of the sphere

2a

d (1 d,_, (1+v)a dAT (1+v)(1-2v)
F=-poR/acy, dR{RZ w=(R UR)}: i) &R E@—n) )
d (1 d,., (1+v)(1-2v) pgR (1+v)(1-2v) pgR® B
de{RZ w=(R UR)}: E(1-v) pg ~RTTTEL ) T(J)a HARY R
~ E du, ., Ug]| pP9(3-v)R® E B
= %n = (1+v)(1—2v){(1_v) R R }‘ plOa(l—v) +(1+V)(1_2v){(“")A‘Z(l‘z‘”)ﬁ}

« EXxpect finite displacement and stress at the center (R=0).

oo[a]=0 —a= LI IEV)a | (L2)pRpe (30 y)a)

10E (1-v) " 10aE(1-v)
9(3_V) 2 2 o E dup Uz | 2 2
oF zﬂ)a(l—v)(R ~2). o,=0, _(1+v)(1—2v){v iR R }_10a€19—v){(1+3v)R ~(3-v)a’]
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Steady-state Heat Flow

» No body forces

e Free of tractions at both surfaces
T Tbb—Taa+(Ta ~T,)ab

" b-a (b-a)R ’
d { 1 i(RzuR)}=(1+v)a dAT _(1+v)(1—2v)|:

dr | R? dR 1-v) R E(l-v) F

d (1 d,., (1+v)a (T,-T,)ab (1+v)a (T,-T,)ab B
:’d_R{Fd_R(R“R)}:‘(l—V) b-a)R T 20y) (boa) R

E du, Ug EaAT

T L) (- 2v) (1_V)d—R+2VE}_ (1-2v)
___ B (T,-T)ab  E CVA_o(1_o Bl _Eax [Tb-Ta (T.-T,)ab
=% T ) 1=y) (b-a)R (1+v)(1—2v){(1 JA=2(1-2 )R3} (1-21/){ b—a (b—a)R}

O'R[a]zaR[b]:O =

A=

(1— V_\](T]}W _ Tﬂg3)+(Ta — Tb]vab(a +b] _ g(Tﬂ _ Tb)(l + 1,-) PRI

(1-v)(a* - b?) 21-v)  (v-a)

27



